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1 Introduction

Numerical Weather Prediction (NWP) is a forecasting method based on a set of equations
that describe the behavior and interaction of fluids in the atmosphere. These equations
are implemented within a spatial discretization scheme, where it is possible to make pre-
dictions based on the system’s temporal evolution. Since the equations of atmospheric
dynamics (e.g., the Navier-Stokes equations) are fundamentally a system of nonlinear
and nonlocal partial differential equations, the time integration of an atmospheric model
constitutes an initial value problem. Consequently, producing skillful forecasts requires
both a realistic representation of the atmosphere and an accurate specification of the
initial conditions (Kalnay, 2003).

According to Lackmann (2011), the main sources of error in a model can be classified
as errors in the initial conditions, errors in physics or dynamics and intrinsic predictabil-
ity limit. Errors in the initial conditions arise from inaccuracies in the observations them-
selves and from shortcomings in the DA systems, errors in physics or dynamics depend
largely on the scale and the phenomenon being simulated and also includes errors such
as inadequate spatial resolution or a poor representation of topography. Finally the pre-
dictability limit is a consequence of the chaotic nature of atmospheric dynamics (Lorenz
and Haman, 1996). In general, it is not straightforward to determine how long it takes
for infinitesimal differences in the initial condition to amplify sufficiently to eliminate the
model’s forecasting skill.

Given the nature of the errors that arise in models, the challenges associated with
improving forecasts are considerable. Nevertheless, progress in this area has been re-
markable Kalnay (2003). The improvement is the result of increased computing power,
better representation of physical processes, greater availability of observations and the
use of more accurate data assimilation methods, with the latter being the focus of our
discussion here.
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DA can be classically approached in two ways: variational and statistical (filtering), in
both we seek an optimal solution. Statistically we will, for example, seek a solution with
minimum variance, whereas variationally we will seek a solution that minimizes a suit-
able cost function. Also we can refer to several flavors in DA: nudging methods, reduced
methods, ensemble methods and hybrid methods (Asch et al., 2016).

data assimilation review...

2 Methodology

2.1 Study Area and target precipitation event

The Medellin-Aburra River is located in Antioquia, Colombia over The Andes region. At
present, this watercourse flows through a highly urbanized basin and has posed multiple
challenges over the years in terms of sanitation, land use planning, disaster risk manage-
ment, among others. For this study, the watershed was delineated with an area of 711.7
km?2, a perimeter of 191.5 km, an average slope of 7.58%, a mean elevation of 2434 m
a.s.l., a maximum elevation of 3125 m a.s.l., and a minimum elevation of 1424 m a.s.l.
The main channel has a length of 52.4 km and an average slope of 3.25%.

Between november 25 and 26 of 2018, a precipitation event was recorded that trig-
gered several emergency reports in the Aburra Valley, the most catastrophic of which
occurred in the municipality of Copacabana. According to official data from the National
Unit for Disaster Risk Management (UNGRD, 2018) and various media reports, flooding
took place as a result of the overflow of the Aburra-Medellin River, which caused the col-
lapse of a retaining wall. Although the disaster caused no loss of human life, it affected
approximately 600 people in multiple ways.

IMG/01_maptotal.png

Figure 1. Study area localization, basin elevation and Digital Elevation Model of watershed

In Figure 2 the discharge and precipitation time series can be observed. The maxi-
mum river level was recorded on November 26 around 01 UTC, reaching nearly 600 cm.
It is important to note that rainfall events had also occurred in the preceding days, which
increased the river level, but in those cases the level returned to a reference value (hor-
izontal black line in 2). On the day prior to the maximum river level (vertical red line in
2), a precipitation event was recorded; however, on this occasion the river level did not
return to the reference value before the next precipitation event occurred. This subse-
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guent event became the trigger of the emergency, as it produced a river response of
great magnitude.

This situation highlights two important aspects: first, that antecedent soil moisture in
a watershed is a key factor when assessing its response to rainfall events; and second,
that the ability to accurately anticipate precipitation events plays a decisive role.

IMG/01_evento_nozo.png

Figure 2. Series of precipitation and water level in the watershed around days of target
precipitation event.

2.2 Observations
2.2.1 Weather radar

A dual-polarization C-band Doppler weather radar from Enterprise Electronics Corpora-
tion (ECC) and operated by the Early Warning System of Medellin and the Aburra Valley
(SIATA, for its acronym in Spanish). The radar is located at an altitude of 2800 m a.s.l.
and performs quasi-horizontal scans, also known as Plan Position Indicator (PPI), approx-
imately every 5 minutes at four elevation angles (0.5°, 1.0°, 2.0°, and 4.0°). In addition, the
radar alternates PPIs with vertical scans, or Range Height Indicators (RHI), at azimuths of
0°, 90°, 180°, and 270°. Depending on the elevation angle, the radar provides horizontal
coverage with a range of 100 to 250 km (the red circle in 1 has 120 km at 1.0° elevation).
The scanning strategy of the instrument collects information through circular sweeps
around the radar coverage area. Consequently, the data are stored in a polar coordinate
system (range, elevation, azimuth), which is the native format for collection and storage.
To enable a simpler use of this information it is necessary to interpolate the data into a
Cartesian coordinate system (x, y, z). The interpolation makes use of the RadX computa-
tional routines (Dixon and Javornik, 2016), in particular the method REORDER (Oye and
Case, 1995).

2.2.2 Weather stations

IDEAM + SIATA
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(a) DO1 (b) DO3 (c) D04

Figure 3. 2018-11-26 00:30:00

2.2.3 Precipitation

Inverse Distance Weighted (IDW) deterministic interpolation method developed by the
U.S. National Weather Service Workneh et al. (2024) and it is a method for estimating the
value of a variable at a location where no information is available, by using surrounding
points where measurements exist. Itis carried on the assumption that the attribute value
of unknown pointis weighted average of the nearby known values and its one of the more
popular methods adopted by geoscientists Lu and Wong (2008).

T %

P (1)
J Zn 1
i=1?_/;_

Where Z; is the value at the unknown point, Z; the value at the known point, d;; the
distance to the known point, and finally p a method sensitivity parameter. In this work,
IDW interpolation is used to create a precipitation field on a regular grid from ground
measurement stations, with a sensitivity parameter set to 6.

For this study, the rainfall network of SIATA (Figure 4) was used. At the time of data
revision, a total of 145 stations were identified as part of the measurement network, 126
stations were located within the IDW interpolation domain (black dashed rectangle), and
110 stations were located precisely within the study watershed. In adittion, between 109
and 111 stations provided valid information for interpolation during the validation period
(2018-11-25 12:00 to 2018-11-26 12:00) The grid of interpolation domain is 500 x 500 m.
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IMG/01_basin_est.png

Figure 4. basin ppt from ground stations for 2018-11-25 23:00:00

The IDW interpolation is performed over all points located within the dashed-line box.
Then, using weather radar information, an overlay is applied to the IDW rainfall field,
where values in locations without radar measurements are set to zero, while in other
cases the original values are retained. Finally, the field is clipped so that only the precipi-
tation values within the watershed are preserved (Figure 5).

IMG/01_met_idw_rain.png

Figure 5. basin ppt from ground stations for one step

Following the procedure described above, a precipitation time series over the basin
can be obtained at 10-minute intervals. This time series serves as the reference measure-

ment and is compared with the model precipitation over the same region for validation
purposes.
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2.3 NWP

The computational implementation of NWP models can be quite complex, as it usually
involves a numerical discretization scheme of equations. Therefore, numerical conver-
gence criteria must be satisfied according to the spatiotemporal scale of the model. Nev-
ertheless, the foundations of any such model lie in the governing equations of the evolu-
tion of the atmosphere, which can be summarized as follows:

+ Conservation of momentum:

%=—an—V¢+F—29><V (2)
+ Conservation of mass: 5
p
L —-_vy 3
5 (pv) 3)
+ State for perfect gases:
pa = RT (4)
+ Conservation of energy
_.dT dp
0=6 dt * dt )

+ Conservation of water vapor mixing ratio

0
% = —V(pvq) + p(E — C) (6)

Where v = (u, v, w), % is the relative acceleration of an air parcel, aVp is the pressure
gradient force, V¢ is the apparent gravity, F is the frictional force, and 2Qxv is the Coriolis
force. p is the density of an air parcel, p is the pressure, a is the specific volume,T is the
temperature and R is the gas constant for air. Q is the heat, C, is the specific heat at
constant pressure, g is the water vapor mixing ratio, E is the evaporation, and C is the
condensation.

In addition to the aforementioned considerations, it is important to note that there
are processes that cannot be resolved at the spatial scale of the grid defined for the
model and therefore cannot be explicitly resolved (subgrid-scale processes), but their con-
tributions cannot be ignored, because these subgrid-scale processes depend on and in
turn affect the large-scale fields and processes that are explicitly resolved by numerical
models (Pu and Kalnay, 2018). These include turbulent motions that may range from a
few centimeters to several kilometers, as well as molecular-scale processes such as con-
densation, evaporation, friction, and radiation. Consequently, parameterizations based
on physical or statistical approximations are required in order to estimate their effects.
Among the most relevant of these processes are: hydrological processes, cloud pro-
cesses, boundary layer processes, chemical and radiative processes, surface processes
(land or ocean).

2.3.1 WRF

The Weather Research and Forecasting (WRF) model is a three-dimensional, limited-area
model that allows for dynamic downscaling. Itis widely used in atmospheric research and
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numerical weather prediction, as itis often employed as a tool for operational forecasting.
The model is jointly developed by the National Center for Atmospheric Research (NCAR)
and the National Centers for Environmental Prediction (NCEP). The dynamical core used
here is ARW, WRF-ARW it is portable, efficient, and can be executed on High-Performance
Computing (HPC) platforms.

The version of the model used for this work corresponds to WRF-4.5.2, released on
22 December 2023. This version includes the preprocessing package (WPS), data as-
similation (WRF-DA) module, and the ARW solver core, which among its main features
incorporates: a complete nonhydrostatic equation set with; both regional and global
applications; full Coriolis and curvature terms; one-way and two-way nesting; moving
nests; hybrid sigma-pressure vertical coordinates based on mass; vertically variable grid
spacing; map scale factors for four projections; Arakawa C-grid; second and third order
Runge-Kutta time integration options; scalar conservation form for prognostic variables;
second and sixth order advection options; upper-boundary absorption and Rayleigh damp-
ing; coupled ocean models; and a comprehensive set of physical parameterizations. (Ska-
marock et al., 2019). The WRF-DA (WRF Data Assimilation) system is framework that Sup-
ports variational, statistical and hybrid data assimilation techniques, allowing users to
integrate observations dynamically.

IMG/01_DOM1234.png ING/01_DOM34aa.png

(a) WRF Domains setup (D01, D02, D03, D04) (b) WRF Domains setup (D03, D04)

Figure 6. WRF Domains setup. Radar Cover (orange circle), watershed limits (red contour),
topography isoline 1800m (black contour)

D01 D02 D03 D04
A, (m) 18000 3600 900 300
Nx X Ny 240 X 200 | 391 X421 | 437 X437 | 331 X331
Nz 80 80 80 80
Time step (s) 54 10 2 0.5
Nudging* True False False False

Table 1. Model dimensional setup for every domain. Analysis nudging*
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DO1 D02 D03 D04
Microphysics Thompson Thompson Thompson Thompson
(Thompson et al., 2008)
LW Radiation RRTMG RRTMG RRTMG RRTMG
(lacono et al., 2008)
SW Radiation Du.dhla Dudhia Dudhia Dudhia
(Dudhia, 1989)
Surface layer . MMS MM5 MM5 MM5
(Jiménez et al., 2012)
Noah
Land surface . od Noah Noah Noah
(Tewari et al., 2004)
Cumulus Ka”?-FmSCh Kain-Fritsch None None
(Kain, 2004)
PBL YSU Ysu YSU SMS-3DTKE
(Hong et al., 2006) (Zhang et al., 2018)
Land Use Modis (15" ~500m) |, 0 jic (157 ~ 500 m) | Modis (15" ~ 500 m) | Modis (15" ~ 500 m)
(Friedl et al., 2002)
ALOS PALSAR" "
GTOPO30 (30"~ 1k ALOS PALSAR
Topography (USGS( 1996) m) GTOPO30 (30" ~ 1 km) (0.4" ~ 50 m) (0.4" ~ 50 m)
’ (ASF, 2015) ’

Table 2. Model parametrization setup and geographical database in every domain. The original
ALOS PALSAR resolution of 12.5 m was resampled to 50 m*,

A comprehensive literature review was conducted to support and define the param-
eterizations employed..

The initial and boundary conditions for DO1 come from NCEP operational Global Fore-
cast System NCEP (2015), the datasets contains analysis and forecast grids on a 0.25° x
0.25° global latitude longitude grid. Grids include analysis and forecast time steps at a
3 hourly interval from 0 to 240, and a 12 hourly interval from 240 to 384. Model fore-
cast runs occur at 00, 06, 12, and 18 UTC daily. The simulation for this study starts at
2018-11-25 12:00:00 UTC.

2.3.2 Model precipitation and DA

Surface precipitation rate cannot be resolved directly at the scale of the grid, conse-
quently, rainfall must be parameterized. The need for parameterization arises because
moist processes that control precipitation (autoconversion, accretion, deposition, riming,
melting, evaporation) occur on scales far below typical grid spacings and are strongly non-
linear. In this study, a double-moment microphysics scheme (Thompson microphysics)
is used (Thompson et al., 2008), which includes calculations for five hydrometeor classes:
cloud water, rain, graupel, snow, and ice.

In operational NWP, the standard practice is to assimilate observations that directly
constrain the model's prognostic state (winds, temperature, humidity, pressure, hydrom-
eteor mixing ratios), and then verify precipitation as a diagnostic outcome of moist pro-
cesses. Direct precipitation is also possible, but general difficulties in precipitation as-
similation are reported mainly due to the strong nonlinearity of moist processes and the
non-Gaussian statistics of precipitation variables Kotsuki et al. (2017)
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2.3.3 Reflectivity estimation

Reflectivity is an indirect measure of the amount and size of hydrometeors in the atmo-
sphere provided by radar. In practice, comparison between radar measurements and
the results of an atmospheric model is required, so a transformation must be applied to
convert the model output into reflectivity values. The approach relies on the mixing ratio
values of different types of water particles in the atmosphere and assumes certain con-
ditions regarding the shape, density, and size distribution of the particles. the following
assumptions are considered:

* The particlesinthe atmosphere are spherical and have a constant density according
to each particle.

+ The distribution of particle sizes, in terms of their diameter, follows an exponential
form given by N(D) = N,exp(—iD), where the intercept parameter is taken as a
constant value according to each particle.

The number of hydrometeor types used in WRF depends on the implementation of
each microphysics parameterization. However, the method employed considers only
three types of particles (rain, snow, and graupel), the equivalence in reflectivity factor
depends on the state of the particle:

[(7) Ny A77, if liquid particle (rain)

Ze= (7)

2 (K]}
[(7) Ny A7’ <&> —— |, if solid particle (snow, graupel)
pi |K|12
Where I" denotes the gamma function and 4 is the slope parameter, p represents the
densities of snow and ice, and K denotes the dielectric factor of ice and liquid water.

From the preceding expressions, the reflectivity factors for the three hydrometeor
types mentioned above can be derived. The implementation of this methodology is avail-
able in Ladwig (2017). For further details on the equations, assumptions, and parameter
values used, the reader is referred to Stoelinga (2005). Given the implications involved
in converting model moisture field outputs to reflectivity, this approach does not allow
a direct comparison with radar measurements. Nevertheless, it is highly useful for iden-
tifying storm patterns and obtaining an approximation of the reflectivity values that the
model is able to represent.

2.4 Data Assimilation

According to Carrassi et al. (2018), whose proposed notation will be adopted in this sec-
tion, the observations and the model are complementary sources of information, but
both incomplete and inaccurate. Data assimilation provides the conceptual and method-
ological tools to tackle the problem by extracting synergies between model and observa-
tions by exploiting their respective informational content.

Assume that a model of the natural processes of interest is available as a discrete
stochastic-dynamical system and fixed model parameters:
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X, = My (%) + 1 (8)

Where x, € R™ is state vector, M, .,_;(x,_;) : R" - R™ is a function, typically nonlin-
ear and possibly chaotic in nature, that relates the system state from time 7,_; to time
1, and finally, n, € R™ is the model error represented as an additive stochastic term. In
this study x, = M., _1 (X_1) = WRF i (%41

Additionally, observations of x, € R¢ are available and can be expressed as compo-
nents of an observation vector y,:

yk = H,(Xk) + €k (9)

Equation Equation 9 defines the observational operator H : R™ — R¢, which is could
be nonlinear and may involve interpolations, convolutions, or spectral transformations.
Similarly, €, is an additive stochastic term that accounts for measurement instrument
errors, deficiencies in the formulation of the observational operator and representative-
ness error.

Once the model and the data or observations are available as complementary sources
of information, the main goal is the estimation of the system state and the outcome of
the estimation process, according to Bayes' theorem, is the a posteriori distribution of the
process x conditioned on the data y:

p(y[x)p(x)
p(y)
Both the model (n,) and observational error sequences (e,) are assumed to be inde-
pendent in time, mutually independent and distributed according to p(n,) y p(e;). Also
the probability density functions are related to prior and likelihood terms of Bayes's rule
as follows:

p(x|y) = (10)

Py |Xy_1) = p(m) = p[xp = M1 (4] (11)

P(YiIXg) = pley) = P[yk - Hk(Xk)] (12)

If we define the sequences of system states x., and observations y,.; within the
interval [¢,,1,]. Since the observational errors area assumed to be independent in time:

K K
Pk I xk:0) = [ [ ok 10 = [ ] plye — M) (13)
k=1 =1

If we presume M,..,_; as markovian process:

P(Xg:0) = P(Xg) P(X11X0) P(X5]X1X0) ... PXp|Xp_15-0r Xg) (14)
K K

P(xg0) = p(xo) [ [ Pk | xe21) = p(xo) [ [ 2[%e = M o1 )] (15)
k=1 k=1
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p(y) is the marginal distribution of the observation and is independent of x, so it will
be treated as normalization coefficient.

p(x]y) « p(y|x)p(x) (16)

Considering Equation 16, we can use Equation 13 and Equation 15:

K

pgolyien) & pxo) [ plye = Hexo] [T p[xe = Meckoi i) (17)
k=1 k=1

=

One of the most widely used approaches, due to its simplicity and computational
efficiency, is that the observational and model noises are assumed to be Gaussian dis-
tributed, furthermore assume the existence of a prior, commonly referred to as the back-
ground (x* € R™), for the initial state at the beginning of the window:

n ~N@©0,Q), €~NOR), 7,=x5-x"~N(0B) (18)
Also we are looking for maximizing the a posteriori probability:
K K
arg I}an P(Xg0lyk:1) = arg I}Clax Pp(Xp) HP[Yk - Hk(xk)] HP[Xk - Mk:k—l(xk—l)] (19)
k=1 k=1
K

argmax p(Xg:olyx:)) = argmin —[logp(xo)+ ZIOgP[Yk - Hi(x,)]
k=1

« (20)
+ z log px; — Mk:k—l(xk—l)]]
k=1
argmax p(Xg:olyx:)) = argmin
%(x —x")TB5 1 (x — x*)
s T
+ 2 %[Yk - H(x)] R [y — H(x)] (21)
k=0
< T
+ Z %[Xk = M1 %) Q! [X = Moy (R4_p)]
k=0

The result of maximizing the a posteriori probability will be called analysis and it is
denoted by x“.

x? = arg max p(x|y) = arg r£1in J %) (22)

The cost function contains three components: errors associated with initial condi-
tions, observations, and dynamical model.:
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Jx) = J®) +J°x) + TUx) (23)

79 = § -]}

K
B! 2 (/o H(x,_1)||§;1 +

(24)

l\JI»—‘

1
2
K
2 [, — Mk:k—l(xk—l)”é;l

Since this study focuses on the estimation of the model’s initial condition, several
simplifications can be introduced. First, the model is not evolved in time during the op-
timization process. Furthermore, we assume the strong constraint considering perfect
the model dinamic x, = M,_;,(x,_;), SO J¢ term is zero. These assumptions allow for
certain simplifications and the resulting expression is also known as 3DVAR;

T = S x=% + 5l - HR (25)

Using incremental variational formulation Courtier et al. (1994) as used in WRFDA
is one of the most common approach. In general, variational DA problems are badly
conditioned and the rate of convergence of the minimization algorithms depends on the
conditioning of the Hessian of the cost function (Asch et al., 2016). Preconditioning is a
technique for improving the condition number, for that we make a change of variable:

x = x’ + 6x (26)

Considering the linearization of H (H) and the approximation:

H{x} ~ H{x} + Héx (27)
and define:
d=y—- H{x} (28)
finally:
1 1
Jx) = 3 ||5X||f;_1 + 5 ld —H5X}|If{_1 (29)

For optimization we start with 6x = 0 and x = x%, at the end of the cost function
minimization we get the analysis x? = x.

According to Bannister (2017), the background error covariance matrix B is never ex-
plicitly computed in the model space x (u, v, T, q, p,), even modern computers are in-
capable of dealing with such large matrices. Instead, it is represented through matrix
decomposition B = UU7, and the cost function is minimized in the control variable space
v, which is related to the model variables via the control variable transform:

6x = Uv (30)
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1 _ 1 2
J(x) = E(EXTB I6x) + 5 lld = Hox} g (31)

J)

1 1
5 IVIrg 1y + 5 14 —HUV}IE (32)

1 2 1 2
J = 5lvlly + 7 lld=HUV} g, (33)

The matrix U consists of a series of operations U = U,U, U, and represents the stages
of covariance modeling: U, through recursive filters and U, through the EOF decomposi-
tion stand for horizontal and vertical transforms, respectively. U, via linear regression is
the physical transform and converts the increment in the control variable space to model
variable space. As evidenced in Sun et al. (2016) and Gopalakrishnan (2019), the choice
of control variables for this study is a formulation that uses zonal velocity (u), meridional
velocity (v), temperature (7), surface pressure (P,) and pseudo relative humidity (RH,) ,
that is, in this case the transform U, only involves the conversion analysis increments of
relative humidity to mixing ratio and there is no cross-corelation between variables:

u I 0 0 O 0 u

v 0O I 0 O 0 v

T|=10 0 I O 0 T (34)
P, 0 0 0 I 0 P,

q 0 0 0 0 C,up|RH;

2.4.1 Background error modeling

B plays an important role because it ensures a balance-preserving transfer of observa-
tional information to the unobserved parts of the model domain. A common method to
model the BE covariance matrix is National Meteorological Center (NMC) method (Parrish
and Derber, 1992). In this method the model errors are approximated as the difference
between two different forecasts that are valid at same time, typically with 12h and 24h
forecast lead time.

T

B = (eeT) ~ (x2 —x!2)(x2* —x12) (35)

T

B= (56T> ~ (X24+3 _ X12+3) (X24+3 _ X12+3) (36)

It is important to include forecast differences valid at different parts of the day to
remove contributions from the diurnal cycle (Skamarock et al., 2019), so in this study we
used 03 UTC and 15 UTC from set of 30 hour simulations initialized at 00 UTC and 12 UTC
performed from 2017-11-01 to 2017-12-10, the same month of the target precipitation
event of the previous year. So B was estimated using total of 79 forecast differences for
every data assimilation domain (D02, D03, D04).

explore B
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2.4.2 Nudging

Nudging is a continuous DA method (Lei and Hacker, 2015) that augments the prognostic
equations with a Newtonian-relaxation term to constrain the model state x(¢) toward a
time-interpolated 3D external analysis x*'(r) throughout the domain:

&~ M + GW (x™(0) - x(),

where M denotes resolved dynamics/physics, G sets the inverse relaxation timescale
(gain), and W applies vertical/variable weights.

Properly tuned, analysis nudging anchors the large-scale flow while allowing mesoscale
features to evolve (Spero et al., 2018; Routray et al., 2012). Nudging is especially recom-
mended for large domains (Miguez-Macho et al., 2004). In the present study, we only
implement the method in Domain D01 over the whole forecast time window and in this
case x*(r) corresponds to the NCEP operational GFS used as initial/boundary conditions.

2.5 DA Experiment

A 24-hour simulation is conducted [ 2025-11-25 12:00:00, 2025-11-26 12:00:00 ], after the
initialization, a spin-up period of 3 hours is followed. Then data assimilation (DA) method
is applied at hour 2025-11-25 15:00:00. Note that domain D01 is not used for assimilating
observations, although nudging is applied. In contrast, domains D02, D03, and D04 are
used to assimilate observations from in situ stations, a radiometer, and a wind profiler.

IMG/01_met_diag_DA2.png

Figure 7. DA Experiment proposed.

The observations and variables used for assimilation can be classified by the source
as IDE, SWS, SCC, SRD and SPR:

+ IDE: IDEAM Weather Stations (surface) where are u from?

+ SWS: SIATA Weather Stations (surface). Composed mainly Vaisala and Thiess
* SCC: SIATA Citizen Scientist Stations (surface). Low-cost sensor (Davis 6830)

* SRD: SIATA Radiometer (vertical). From Radiometrics Corporation

+ SPR: SIATA Profiler (vertical) From Radiometrics Corporation (Raptor)

The variables available from each type of observation source are summarized in Ta-
ble 3, and the observations assimilated in each domain are summarized in Table 4.
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Observations Variable
IDE PR, TM, RH, WS, WD
SWS PR, TM, RH, WS, WD
SCC PR*, TM, HR
SRD ™
SPR WS, WD

Table 3. Table of types of observations and variables. Pressure(PR), temperature (TM), relative
humidity (RH), wind speed (WS), wind direction (WD). SCC pressure estimated from TM and HR*

Domain Observations
DO1
D02 IDE, SWS, SRD, SPR
D03 IDE, SWS, SRD, SPR
D04 IDE, SWS, SCC, SRD, SPR

Table 4. WRF domains and observations (Table 3) for data assimilation

It should be noted that with respect to measurement uncertainty, to simplify certain
procedures in the simulation, in cases IDE, SWS, SCC the measurement errors of the
sensors are assumed to be identical for each variable, regardless of the measurement
source.

2.6 Validation

After the assimilation step, an additional spin-up period is required; therefore, the valida-
tion window spans 20 hours [ 2025-11-25 12:00:00, 2025-11-26 12:00:00 ]. A description
of methods and metrics for verification is presented here.

2.6.1 RMSE

The RMSE metric quantifies the average magnitude of the errors between observed and
predicted values. Its main properties are: non-negativity, sensitivity to large errors and
dimensional consistency.

Given an observed value yi”bs and a predicted value yf’ed, the individual erroris defined

as e, = y°bs — P9 The RMSE is expressed as
1 1 1

\/;

RMSE = J L300 - 3o = el (37)
=
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2.6.2 Fractions skill score

Fractions Skill Score (FSS) is a verification method designed to measure how the skill of
model varies with spatial scale (Roberts and Lean, 2008). Here we extend the original
definition using convolutions for permitting odd and even windows length, that is the
common implementation (Pulkkinen et al., 2019; Imhoff et al., 2023).

Let F,0 € RM*N denote the forecast field and the corresponding observation field.
Let ¢ € R be the threshold. Define the binary fields:

1 ifoG,j)>q 1 ifM@,j)>q
Bli.j)= . BLG.j)=
0 ifoi,j)<gq 0 ifM@,j)<q (38)

fori=1,...,Nx, j=1,...,N,

Let n € N be the spatial scale (window side length). Define the box (uniform) kernel:

K,,[u,v]ziz, wv=0,1,2,...,n—1 (39)
n

The kernel K, has size nx n and is normalized so that ¥ K, [u,v] = 1.

a={§J, b=n-1-a. (40)

Define a boundary-handling operator E..; that extends indices outside the domain
{L,..., N, }x{l,..., N,} by reflection and define the neighborhood-fraction fields are, then
for any possibly-outside index (i, j):

E,ot(B)(i,j) = B( thep(is M), res(js N)). (41)

Where ¢,¢(k; L) is defined as:

m, 0<m<1L,
Pres(ks L) = where m = k mod (2(L — 1)). (42)
2AL-1)-m, L<m<2L-1),

The fractions of model and observations:

n—1n—1

Pg(i,j;n) = Z Z K, [u,v] Eref(Bz))(i +u—a, j+v—a) (43)
u=0 v=0
n—1n—1

Pl (i jin) = Z 2 K,[u,0] Ert (BY )i +u—a, j+v-a) (44)
u=0 v=0

i q q .
Using Pj and P}
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M N
1 L. ..

MSE(n. ¢) = 3 3N (PG jim) = PAGLim), (45)

x Vy 321 j=1

| M N
MSEo(n,q) = <= > X (Py . jin)? + PG(i. jsn)?) (46)

x Ny 0=l j=1

We can Define FSS as:

FSS(n.q) = 1 — 5B 9) (47)

" MSE,(n,q)’

If nis odd, then a= b= (n-1)/2, so the n x n neighborhood is symmetrically centered
at (i, j). If nis even, then a = |n/2|, b = n— 1 — a, so the window is half-shifted (one side
has a offset and the other »). The boundary extension ensures that, near edges of the
domain, the convolution always gets valid values by reflecting data across the boundary.

2.6.3 Funtional Data Analiysis

The basic philosophy of functional data analysis (FDA) is to think of observed data func-
tions as single entities rather than merely as a sequence of individual observations. In
practice, functional data are usually observed and recorded discretely as n pairs (¢;, ;).
In FDA the data instead of being a set of vectors, as in the classical multivariate analysis,
is a set of curves. That is, a functional data f(r), r € T C R, itis represented as a finite set
of pairs (1;,x;), t; € T, i = 1,2,..., N, where N represents the observed points of the func-
tion. In most applications, the sample curves come from the observation of a stochastic
process in continuous time.

Normalization

Normalization allows for a better manipulation of the data, adds resistance to out-
liers, and improves comparability across scales. The Median Absolute Deviation (MAD) is a
robust measure of variability, defined for a dataset X = {x,,...,x,} as

MAD(X) :=med (|X — med(X)|), (48)

Where med(-) denotes the median. A normalized version of the data is then given by

X, =log (|X| + MAD(X)). (49)

Smoothing

To represent a series of points as functional data, linear combinations of basic func-
tions will be used. The smoothing functional S(f) balances fidelity to the data with
smoothness of the estimated curve. Given observations {(x;,y;)} and a candidate func-
tion f(x), the functional is defined as
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a2f\?
S(f)=PZwi(yi—f(x,-))2 + (1+P)/ (ﬁ) dx, (50)

where w; are weights, and p > 0 is a smoothing parameter. The first term penalizes
squared deviations from the data and the second term penalizes curvature, enforcing
smoothness. Minimizing S(f) yields a compromise: small p produces smoother func-
tions, while large p prioritizes data fidelity. This is the basis of smoothing splines, widely
used in statistics, functional data analysis, and numerical modeling.

Depth measurements

Let C(I,) the space of continuous functions defined on a compactinterval I,.. Consider
a stochastic process Xwith sample paths in C(I,) with distribution p,.. Let x,(), x,(), ..., x,,(?)
be a sample of curves from p,. The graph of a function x in C(1,)) will be denoted as G(x),
thus

G(x) ={{t,x(0), tel} (51

Define the hypograph (hyp) and the epigraph (epi) of a function x in C(I) as:

hyp(x) = {(t.y) € I, xR : y <x()} (52)

epix) ={(t,y) € [, XR 1 y2>x(n)} (53)
And also considering GHyp, and GEpi, as:

% D 1(G(x;) Chyp(x)) = % DI (x(0) < x(r), t € I,), (54)

i=1 i=1

GHyp,(x)

GEpi,(x)

1 % o Ix
- ; I(G(x;) C epi(x)) = - ,; I(x,(0) 2 x(t), 1 € L), (55)

Where I(A) is the indicator function of a set A:

1, six €A,
I(A)(x) = (56)
0, Six¢gA.

Then, The half-region depth at x with respect to a set of functions x;(z), ..., x,(?) is

HRD(x) =S, ;;(x) = min {GHyp,(x), GEpi,(x)}. (57)

Hence, the half-region sample depth at x is the minimum between the proportion of
functions of the sample whose graph is in the hypograph of x and the corresponding pro-
portion for the epigraph of x. That is, a curve is considered deep if it achieves a balanced
position with respect to the sample, having a comparable proportion of curves lying
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above and below it. Conversely, if the curve lies too high (with most other curves entirely
below) or too low (with most curves entirely above), the minimum proportion becomes
small and its half-region depth attains a low value. The deepest curve, or S, -sample
median £, is a curve from the sample which maximizes the half-region depth. This curve
can be used to illustrate the representative pattern within the sample of curves.

7, = argmax .S, y(x). (58)

n
XE{X1,0.0%,}

The concepts described before also can be adapted to finite-dimensional data and
this can be consulted and expanded upon in Lépez-Pintado and Romo (2011).

3 Results

3.1 Cost function optimization

IMG/02_jcost.png

Figure 8. Cost function optimization for every domain
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IMG/02_jcost_dom.png

Figure 9. Cost function optimization and components (J, ., J,) for every domain

check data for better render https://siata.gov.co/meteorologia/temporal /ot/

IMG/02_mapoba_d4_tt.png IMG/02_mapoba_d4_qq.png

(a) |O-B| and |O-A| for temperature (b) |O-B| and | O-A| for humidity

Figure 10. | Observation-Background | and | Observation-Analysis| for temperature and humidity
(D04)

IMG/02_mapoba_d4_pr.png IMG/02_mapoba_d4_wv.png

(a) |O-B| and |O-A| for pressure (b) |O-B| and |O-A| for wind velocity

Figure 11. Similar to 10 but for pressure and wind velocity (D04)
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IMG/02_vert_rad_d4.png IMG/02_vert_pro_uu_d4.png |IMG/02_vert_pro_vv_d4.p

(a) |O-B| and |O-A| for (b) |O-B| and |O-A| for U-wind (c) |O-B| and |O-A| for V-wind
temperature from radiometer from profiler from profiler

Figure 12. | Observation-Background| and | Observation-Analysis| for temperature and wind
components in the vertical (D04)

3.2 Spatiotemporal skill

For FSS in domain D03, the radar reflectivity data (500m) is interpolated to match the
model output resolution at domain D03 (900 m). In order to compute the FSS in domain
D04, the model outputs at a resolution of 300 m were interpolated to match the radar
resolution (500 m). As described above, reflectivity estimation from model data is not
suitable for direct comparison with radar data, the real interest here is to evaluate the
shape of the storm, so the threshold used for FSS is 10 dBZ.

IMG/012_mapscales_d03.png IMG/012_mapscales_d04.png

(a) Scales 7.2, 14.4, 28.8, 57.6 km, domain D03 (b) Scales 4.0, 8.0, 16.0, 32.0 km, domain D04
(900m) (500m)

Figure 13. Domain scales for FSS. Black contour topography isoline 1800m
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IMG/01_fss_d03_1008.png

Figure 14. FSS (CRT and 3DV) using threshold of 10 dBZ and scale of 7.2 km for reflectivity in dom

03

IMG/02_fss_d04_1016.png

Figure 15. Similar to 14 but for d04

Table 5. FSS D03

Table 6. FSS D04

Scale Average FSS CTR | Average FSS 3DV
8- (7.2 km) 0.1810 0.2279
16 - (14.4 km) 0.2305 0.2981
32 -(28.8 km) 0.2899 0.4020
64 - (57.6 km) 0.3592 0.5462
Scale Average FSS CTR | Average FSS 3DV
8 - (4 km) 0.2137 0.2324
16 - (8 km) 0.2702 0.2921
32-(16 km) 0.3532 0.3869
64 - (32 km) 0.4526 0.5133




3.3 Precipitation series

IMG/02_obs_mod12_al_d03.png

Figure 16. Precipitation series for CTR and 3DV in dom 03

IMG/02_obs_mod12_al_d04.png

Figure 17. Similar to 16 but for dom 04

CTR 3DV
RMSE [mm] | 0.3506 | 0.2239
Table 7. rmse d03
CTR 3DV
RMSE [mm] | 0.2998 | 0.2010

Table 8. rmse d04
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3.4 Reflectivity fields

IMG/dbzppi_20181126_002747 Ipteg/dbzurf_2018-11-26_00| IAMMY dixzyrf _2018-11-26_00| 30_00_

(a) RADAR (b) CTR D04 (c) 3DV D04

Figure 18. Reflectivity fields for RADAR, CTR and 3DV at 2018-11-26 00:30:00

IMG/dbzppi_20181126_060048 Ity dbzwrf_2018-11-26_06| QMY dinzgyrf _2018-11-26_06] 00_00_«

(a) RADAR (b) CTR D04 (c) 3DV D04

Figure 19. Similar to Figure 18 but at 2018-11-26 06:00:00

3.5 FDA
IMG/02_dafun_01_t.png IMG/02_dafun_01_q.png
(a) var1 (b) var2

Figure 20. FDA
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IMG/02_dafun_02_dc_t.png IMG/02_dafun_02_dc_q.png

(a) var1 (b) var2

Figure 21. FDA + norm + smooth

IMG/02_reg_kclus_map.png

IMG/02_hdr_kcluster.png

(a) var1 (b) var2

Figure 22. cluster
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