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Chapter 6
Turbulence kinetic energy (TKE)
& Dynamic Stability
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Chapter 6 (in script)
* TKE equation
e Stability Measures

Extra:
* TPE equation
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Turbulence Kinetic Energy

e important variable characterizing turbulence
(and hence PBL state)

e Recall: 1.5 order closure’
— do not include all concervation equations for higher-order
moments; but that for TKE..

 TKE is sum of velocity variances
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Turbulence Kinetic Energy

Remember
— conservation equation for higher moments:

2 2 2
ou'? _ 't _ ouu o du; ﬁU U
ot 7 ox iHi X;  OX;
_ 2. .
' 6 2 ap' Ju;
+20;3U;| = +2fcg,j3u,uj —Uu’, P +2vU', .
0 p = 0X oX?
— summed!
1 — _
TKE = Epu,,’z, e =TKE/p
— conservation equation for TKE
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TKE Equation

— simplifications
— terms
— interpretation
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TKE Equation: Simplifications

— = ‘o2
Ji = —2U;U; -
ot X oX;  X;
— 2,
' 8' 2 0') ' Or) u .
+20;3U; (:)g + 2fcglj3ul uj — U',- &L + 2vU', 2’

1) pressure term:

holds: Wil _ 0 9P, 11

28 %

2,90 __2dup

plax P oo

‘oressure transport term’
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TKE Equation: Simplifications

- o2
é’u',z _ au',z v dup ouU;
+ Uj = —2Uin -
ot OX OX X
V2N - 2. 1
8! 2 0 ' o u .
+20;3U; | = +2fcg,j3u,uj —Uu'; £+2VU'i '
0 p X x°
2) dissipation:
holds: = — (2 ) 2(—) +2U —
ne X X X oX;
2.1 2,12
therefore: 2vu' LI v& ul —2V(au )?
oX? X’ 29
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TKE Equation: Simplifications

2 ! |2
therefore: 24" Ui _ 5' Ui _O2v( ' i )2
X axj OX |
— %,_J
O (101%)  0O(1073)

S Def: £ = V(—')2 rate of dissipation of TKE

— dissipation: conversion of TKE into heat
always: loss term
always negative!
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Levi-Civita Symbol

€ijk

Permutation symbol:

— =1 if an even number of permutations is required to
obtain an increasing sequence (1,2,3), (2,3,1),
(3,1,2) [after max you restart with 1]

— =-1if an odd number of permutations is required to
obtain an increasing sequence (3,2,1), (2,1,3),
(1,3,2)

— =0, otherwise (two indices have the same value)
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TKE Equation: Simplifications

0')u'.2 B u'.2 0 0”(7/ 0”UjU,'
+ U; U ;
J =] é’X

U,
+25,3u — g + 2f,.¢;; u,uj -— —+2vu'i 2’
é)Xj

3) Coriolis term:

— all other

+ 2f813U'4 U €3=0!

- -2fCU'2 U'1 + 2fCU'1 U'2

=0
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TKE Equation: Simplifications

o"u',2 B U'-Z - 0’)L_,I. aujui
+ U; 1] -
J j j&X

U,
+25,3u — g + 2f.¢; u,uj—— —+2vu'i 2’
X

3) Coriolis term:

hOldS: 2fg 3u u 2fC€213U'2 ul1

— all other

+ 26 123U U €3=0!

=-2f.u'5 u'y + 2f.u' U

=0
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TKE Equation

Jde _ Jde —Ju, Jdue —g 10up’
—+ U, —=—-ulu—+— +0,,Ub"=—— — &
dt I dx. lodx, Jdx = p 9X,

ol 1 IV V Vi VII

I: local temporal change: daily cycle!
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TKE Equation: Daily Cycle

two sites in the Inn Valley

2.5
2.0f
1.5}
1.0+

0.5

TKE [m?s7?]

0.0 -
0000 0300 0600 0900

i i .O A A
1200 1500 1800 2100 0000 0300 0600 0900 1200 1500 1800 2100

Goger et al 2018

line: COSMO (1 km) model and range
symbols : i-Box measurements

night: ‘calm” = 0.1 - 0.5 m?s~
day: — 1-10 m?s? (the latter is a storm)
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TKE Equation

& A Ouje
OX

au!- ’
X, X 0 p X

ol 1l IV V Vi VII

u

&

II: advection = little known....
— generally thought to be small
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TKE Equation: Advection

site: ,Kolsass’

| TKE | ' ) ) i : ' " b)|

In horizontally homogeneous
and flat (HHF) terrain - zero

%3:00 03:00 06:00 0900 12:00

15:00

18:00 2100

— test of NWP model (COSMO) in

. 0%08 . o® | 1-Box
1= Tampoe ot ° 1 = in non-HHF terrain (Inn Valley):
00 03:00 06:00 0900 12:00 15:00 18:00 21900 advection?

]TKEUudgcttérmsJ ' ' ' ' Y

[ =]
R85

Shear /

port/ e (m? 37%)
> &

-
s o

e
-
W

0010

0.003} 1 advection term
0.000 — very small....
-0.005| -

-0.010

Buoyancy /
Advection(m?s~%) .o

[— Bucymcy == Mm]

-0.0& I I I 1 1 1 - .
00 03:00 06:00 0900 12:00 15:00 18:00 ¢
time (UTC) Goger et al 2018

M universitat -
i BLM | | k| kil 202 1
¥ innsbruck | Innsbruck | Stiperski | 2020 6



TKE Equation

Ill: shear production
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TKE Equation: Shear Production

T — A
a—u>0, uw <0
0z

other ij analogous:
— characteristic gradient uw
— deformation (flux) k=X
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TKE Equation: Shear production

— ‘always’ positive!
— large when ‘large wind’, small when less wind

— interaction of turbulence with mean flow

e o4 AT
T Ui,
MKE: %+ " u'-&u’ S
ot Lox
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TKE Equation: Shear production

— interaction of turbulence with mean flow

— if mean flow becomes (more) turbulent, it
looses mean kinetic energy ....

— ... and gains TKE

NSO

) %
MMM

— ‘always’ production term
— in ideal conditions and neutral stratification: the production
term
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TKE Equation

IV: turbulent transport of TKE (its divergence!)
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TKE Equation: Turbulent transport

due — not magnitude but divergence!
e —> horiz. homogeneous: esp. vertical transport
j

_ 8& ue _ _ ‘9(‘;"'9 ow'e/dz = Jwu +wu? +wul) / 9z
X Z

3
ow'e/dz = ow'u’? + w'v" @/ 0z

—> CBL, in particular
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TKE Equation: Turbulent transport

_ow'e/dz £ PWwu”? +wv”? @/ 0z

1.0 .
' aln term
2/ 5
2.8 —
oW
e <0 IMPORT
2.6 0z
0.4 I
2.2 ow”? production:
— 2770 S EXPORT

0.001 ©0.010 ©.100 1.pg@ |0ssterm
;i/ws (negative sign in eq.)
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TKE Equation: Turbulent transport

Especially important in canopy flows

(a) (b)
1.4 } o] | e .
1.2 } " : _k :
> ga
1 - o
< 08| > : .
w o’ 3
06 |P : Qe :
& (
04 F ¢ ! ) ﬂ
02} 8 . o :
0 — - :
—05 0 05 1 -6 -3 0 3

Normalized TKE

Normalized TKE transport

Freire et al. 2019

M universitat
™ innsbruck

BLM | Innsbruck | Stiperski | 2020

24



TKE Equation: Turbulent transport

Also, but less pronounced: horizontal components
Vertical contribution

1.0 T T 1.0 pr 1.0

- dominatds
(a) (b) 1 |
0.8 Day 4 08} 4 08} Dafy 4
0.6 = 061 =1 06 =
Z »4
z, IMPORT z,
0.4 04 - 0.4 —
| 02
0.2 . <1 & —
production:
1/ — EXPORT
Sl s Y o2 " Yo 0.1 72 - 9 ; 2
a : WA WU+ VD) W
w' (u +v'2)/2w, w, (U +v") Stull (1988)
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TKE Equation

- Jdu’.e S ou. o
é _ _u,i U,J w/ . J 4+ 51.3“,. 9, g 1 Jp
X, X, X, 0

ol 1l IV V Vi VII

&k  _
E+uj

V: buoyancy term
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TKE Equation: Buoyancy

— only vertical component (613)

— production or damping
— signof w'@’

— Boussinesq approximation: ‘now visible’!
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TKE Equation: Buoyancy

Q015

Shear /
port /e (m? s73)
) )

'
(=]
=

Buoyancy /
Advection(m?s™3) .o

-

288

%%:00 03:00 06:00 0900

12:00

15:00

18:00 21900

' TKE budget térms]

10

05}
0.00

05t

0000 — |
e Shyep Deisscip i 0 OQOO' A
m— Trapspod
00 03:00 0600 0900 12:00 15:00 18:00 2100
"TKE budget terms 7 R )

[ == Bucymcy

S o

00350 03:00 06:00 0900

time (UTC)

12:00

15:00

18:00

site: ,Kolsass’

/ Buoyancy

Goger et al 2018
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TKE Equation

@ — @ S WI é)u,Je ,—,g 1 @U,Jp’
—+U,—=-U,U, - +0,,U,0 =—— - &
A X, X, X 0 p X,

VI: pressure transport term
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TKE Equation: Pressure redistribution

— “Return to Isotropy” term: exchanges energy between u, v

and w components

— p’ very small normally

— difficult to measure

— often determined as residual

— in numerical models: often parameterized together with
TKE transport term ....

H Hnnr:;/g;a'gﬁt BLM | Innsbruck | Stiperski | 2020 30



TKE Equation: Pressure redistribution

T o] example: CASES 99
vl o : ¢ T M
6 5 o (layer: 1.5-30 m)
R SOIOO 1O(I)0CI 15(I)00 20(I)00 25(IJOO 30(;00 35(!)00 .
o — stable night
g, = — pressure transport:
SO R similar magnitude
" 5000 10000 15000 20000 25000 30000 35000 % ’n ot Correla‘ted’ W|th TKE
s v transport
LI R | — parameterization maybe
Y 0001 L ' ! : n : i
5000 10000 15000 20000 25000 30000 35000 not Opt|ma|
18u;p’ :E 56-05 |- ]
E -5e-05 - 7]
) heiaad 50100 10(I)OG 15(1)00 20(1)00 25(1300 30(;00 35(1)00
time [s] Cuxart et al. (2002)
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TKE Equation: Pressure redistribution

— Alternative: Parametrize through Return to isotropy trajectories

1/3 | ’7 7 1-component
1/3 ]
-
2-component, 2-component,
axisymmetric
1/6 4 ‘
; 2 axisymxfwﬂic,
axisymmetric, - prolate
oblat
tropic
-1/6 0 1/6 1/3
Pope (2000)

-1/6 0 1/6 1/3
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TKE Equation: Pressure redistribution

e Pressure redistribution in unstable conditions:
Depends on the TKE source

Shear driven turbulence
— energy in u component
— Redistributed to vand w

1.00

10.75

1 0.50

Buoyancy driven turbulence
(free convection)

— energy in w component
— Redistributed tou and v

10.25

Bou-Zaid et al. (2018)

5 %‘nnr{;/g;a'gﬁt BLM | Innsbruck | Stiperski | 2020 33



TKE Equation

@ — % R WI é)u,Je ﬁg 1 é’U’Jp’

—+U,—=-U,U, - +0,,U, 0 =—— - &

A X, X ; 0 p &,
| 1l IV V Vi VI

VII: dissipation
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TKE Equation: Dissipation

ol ©
T 2.9 -
dissipation: o
~0.8 -
N
- always negative! 2.7 -
— large of course 2.6 -
at the ground 2.5 -
9.4
2.3
0.2 -
2.1
0.0 . VAyvppapm——rrery :
9.1 1.0 1.0 102.0 1222.¢
£z;/u’
M universitat BLM | Innsbruck I Stiperski | 2020 35

W innsbruck



TKE Budget: Day

Stull (1988) | | | B | 8 T | | | I 1
tU - p, II‘N _
12 Buoyancy - Day
- %3 —
1.0 - : —
08I Transport _
£ I Dissipation -
z, —
0.6~
0.4 I~ R 7
B Shear \ t
02~ generation
-10 - .0 -05 0 0.5 . 10
Dissipation Terms of the TKE Budget/ Buoyancy
generatlon P
Fig. 5.4 Normalized terms in the turbulence kinetic e ;
The shaded areas indicate ranges of values. AII terms are
divided by w3/ z,, which is on the order of 6x 10°m?s™® Based
on data and models from Deardorff 1974), André et al. (1978),

Therry and Lacarrere (1983), Lenschow (1974), Pennell and
LeMone (1974), Zhou, et al. (1985) and Chou, et al. (1986).

e
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TKE Budget: Negative shear production?

Stull (1988)
12~

1.0

08 [~

NlN

04|

02~

-10

Fig. 5.4

— T T T T 1.4 1 T T 1T T 1

Buoyancy ‘ Day -

: .

-

Transport

X
X
X
X
X
X
X
X
X
X

e

Dissipation

Shear
generation —

.5 1.0 05 0 05 1.0 15 10

Terms of the TKE Budget

Normalized terms in the turbulence kinetic energy equation.
The shaded areas indicate ranges of values. Allterms are
divided by w3/ z,, which is on the order of 6x 10-°m?s® Based
on data and models from Deardorff (1974), André et al. (1978),
Therry and Lacarrere (1983), Lenschow (1974), Pennell and
LeMone (1974), Zhou, et al. (1985) and Chou, et al. (1986).

i
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TKE Budget: Negative shear production?

- ot
Shear production term: —UrU; —

lfaxj

assume: horizontally homogeneous,

CBL: u'w' <0

. . ou
— slightly negative  —
0z
or: impact of directional shear?
v'w' % 0
v
> slightly negative — =0
gntly neg 5, <
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TKE Budget: Night

1200 |-

Term 1
Buoyancy

z(m)

800}

' Term IV
Shear
Qeneralion N

'

Term VII
Disslpation

’
400 : o

A
1
2

1 1
?6 -4 -2 0 4
(10"°m?s?)
Terms of the TKE Budget
' Stull (1988)
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TKE Budget

* measure for turbulence
* remember: 1.5 order closure (‘TKE closure’)

* in numerical models: description of turbulence (transport and
mixing) is based on TKE (if not even simpler closure)

* most often: ‘BL approximation’
— only vertical (horizontally homogeneous)
— K theory as a basis

De _ ——du, Jue

Dt "Cdx,  Idx >0 p Jx

3

’
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Example: TKE Budget Closure

Goger et al (2018):
e test TKE closure in Inn Valley

e (using COSMO-1 model)

— _— Y / 4
% — _u’u’ 8“1 — 8u3e +u’6’g_lw—3p_ Ie
Dt "Codx, dx, 6 p Ix,
In the model:
D (¢ g 00 ~ reuN? revy?
5i(7)-- miz (%) (5
— —- S— \ y
tendency product?(;lr? /ycaonncs):lmption shear projduction
10 o (q* q°
S o hg— [ L] —
+ ﬁ@: [atkep lqaz ( 9 >:| B\
. ~ / \-\,-/
vertical turbulent transport dissipation
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Example: TKE Budget Closure

Daytime TKE budget: 1D turbulence closure

Steep slope
2.5 ‘ . . , , : ‘ e
2.07[TKEJ (f) ] 1
1.5} ~.¢ﬂ
1.0} \i(/;
0.5

|
------------

Ofb00 0300 0600 0900 1200 1500 1800 2100 2 m\ Au\
0.15 - . , : : ‘ ,/ Wi!. (X \y,
ITKE budget terms | w)) AT

0.10

(g):

OS5t Q [0} ]
“o.0ff= S T | Afternoon:
—0.1 n . n . . N . ] ]
0.053)00 0300 0600 | 09'00 12'00 15{00 18'00 2190 ° Ve rtICa | Wl n d S h ea r
0.015! TKE budget terms \ (h)
0.010

generation of TKE due

0.005 | | .

e et esmmserere=s to valley wind

—0.010} | _

~0.015 | (= Foy] | e TKE underestimated
~0000 0300 0600 09500 1200 1500 1800 2100
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Example: TKE Budget Closure

e add horizontal terms (but not all): ‘hybrid TKE’

e advection

* horizontal shear production
New Hybrid parametrization in the model:

0 (P 906
e 1 = — K " a_
51 ( 5 ) + "0 0z
N\ " 7 b
uoyanc
tendency & production/)c/:ons{lmptiOn
. 2 : ¢ ' : ak
+ (cAx)? )+ (50) L (S - o
Ox oy 2\dy  ox

-
horizontal shear production

oUN?  [oV\?| 10 0 [ q? o

= il -7 Shva— ()|~
(az> +(8z) ]+p02 [a*’k‘*p ’qaz(re) B\
N RN — s N
vertical shear production vertical turbulent transport dissipation

1

+ Kuy

c... Smagorinsky constant, Ax... grid length
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Example: TKE Budget Closure

Daytime TKE budget: Hybrid turbulence closure Steep slope

TKE
2.0 : g

O8b00 0300 0600 0900 1200 1500 1800 2100 (5
0.15 , : /.\ P\_A A (oA
0,104 TKE budget terms | o) h A (RN

0.05
000 Pt i
—0.05}:
—0.10H — Sl?eér A === Transport
gl ) Afternoon:
000 0300 0600 0900 1200 1500 1800 2100
0.020 - . . . . ‘ .
0 01 TKE budget terms] (h)| * 3D shear production
0.010} . ]
0005 | e (Correct TKE
—0.005 ~| ’ ® aeaatn ) )
—0.010} | SlmU|at|Oﬂ
—0.015 ‘I w===  Buoyancy — Advection] T
—0-0%00 0300 0600 0900 1200 1500 1800 2100

time (UTC)
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TKE Budget

e basis for stability measures

B universitat ek
¥ innsbruck BLM | Innsbruck | Stiperski | 2020 45



Stability measures

TKE budget:

— measure of production and damping of TKE
— and therefore: of turbulence

— if more TKE is produced than is removed

flow becomes more turbulent (more dynamically unstable)
— if less TKE is produced than is removed
turbulence dies out

Stability Measures:
Static stability measure:

> 30/dz

Dynamic stability measure:
— ratio of production/damping of TKE

H Hnnr:;/g;a'gﬁt BLM | Innsbruck | Stiperski | 2020 46



Flux Richardson number

L.F. Richardson:

idealizing assumption:

- quasi-stationarity

- horizontally homogeneous

- no subsidence: w=0

- coordinate system | | mean wind

TKE-Budget:

Ju, Jdule
O=-—vu —-—3
"Cdx, Jdx >0 p dx

3

assume: just these two are relevant

M universitat
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Flux Richardson number

Def:
‘ R¢ = buoyancy term / shear production
neutral: R;=0 UéH' =0
unstable: R:< 0 u;@’ >0 - Static stability
stable:  R¢>0 ut' <0

M universitat
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Flux Richardson number

p_9 uG
0

f

u 1U 3 a—x
Unstable (statically and dynamically):
— friction and buoyancy contribute to production
— no theoretical limit...
— mostly >-10

Stable:
— Ri>1 damping > production (turbulence ceases)
— 0 < Rf< 1 statically stable,

dynamically unstable

(turbulence can exist)
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Critical Richardson number

However: until now dissipation neglected!

production: shear production

damping: buoyancy + dissipation
‘critical’:
g U'3 0'-¢ c e
V) — =1=Rf — — = Rf,crit= 1+ o
v, é)U1 v, é)U1 u.u' ﬂ
Uuqliqg— Uqlig— 143 X
0')X3 0"X3 3
M universitat BLM | Innsbruck I Stiperski | 2020 50
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Critical Richardson number

E

R; ..=1+ — e>0
f,crit u' u' 0"U1 — -
1493 . ! 1
IX 5 > uu, Pl 0
3

— 2" term: always negative!

0 < Rf,crit <1

— larger Richardson number: intermittency
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Critical Richardson number

Scaling regimes stable

1
intermittency
z
h
— larger R; 5
>
corresponds to 3
. . (-4
Intermittency &
05F2
o
5
Q
z
©
Q
pa
Local
Scaling
z,T,wb
0.1
Surface Layer
0 L
1 5 N 10
L
B universitat BLM | Innsbruck I Stiperski | 2020 52
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Critical Richardson number

0< Rf,crit <1

— what is its value?
— apparently dependent on the flow Rf,crit =1+ —

- often: R = =0.25

f crit
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Critical Richardson number

Limits of Applicability:

* We observe turbulence also for Rif > Ric

* Assumptions are not met: other terms of the
equation important

* Need to modity R, to include turbulent transport

) &
[\

—
T

(B/e+ Ple —1
(-}
1
L
i
L
L
—l—
s
S ——
—e—
—e—

-1 -0.5 0 0.5 |

Freire et al. 2019
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Critical Richardson number

0< Rf,crit <1
— what is its value? €
— apparently dependent on the flow Ry i = 1+ all.
u'yu'y
0X 5
— often: Rf,crit =0.25

- even more often: RiC ~(0.25

— what is Ri (Ri)?
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Gradient Richardson number

R:: requires turbulent fluxes...

— often not available
— approximation with K-Theory

— assumption: K=K,

W
r_9 u.0’ _9 " ox,
"0 Y. du, 6 s du, du
TP ax, Y ox, Jx,
Def: pi_d (96 1 dx,) R:: gradient Richardson number
| ) (du,/ dx,)’ — easier to determine than R;
— based on TKE-budget, too
. universitét BLM | Innsbruck | Stiperski | 2020 56
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Gradient Richardson number

* again: critical value, Ri. (=0.25)
- for RIi>RI_ :TKE damping > TKE production

* use Ri.to find BL top (‘ABL is the layer of the atmosphere
where turbulence dominates...”)
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Gradient Richardson number

 Theoretically

— no critical value for gradient Richardson number

— often 0.25 or 0.21 are used

* Experiments: show turbulence at Ric > 0.21 behaves differently

10" "ﬁ-ﬁ % (o]

10° 10? 10" 10° 10' 10°

Grachev et al. (2013)
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Bulk Richardson number

Even simpler:
— gradients replaced by differences:

g 06/ 0x, g AB/Ax, _gAOAx
0 (du,/dx,)* 0 (AT,/Ax,)Y |6 (AG) °

— one value for entire layer

u.
X3+AX3 2 12,

1

— often as measure of the stability for entire PBL
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Stability in the surface layer

MOST: ‘everything ’ scales with z/L 3 7
— TKE-budget as well a2 = ﬁ(z)

TKE equation (non-dimensional):

e multiply with  kx, /u’

e replace turbulent fluxes by surface fluxes
e (quasi) stationary

e horizontally homogeneous

% 7 a—é——u’u’(w" —8u",e+6 u@’g—iu—"’p—s
ot 7 ox, Tidx. dx. *T 0 p ox
J J J J
0=-uu; ou; _ 9use +0 u'9’g—lau—3p—e

"Cox, dx, P 6 p dx
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Stability in the surface layer

_duge kx, kx, 10U, kx
0=-uu; : +u39’g R it s
8x ul o dx, U’ 0 u p Jdx, u u;
0 - kx, du, kx, ou; e kx g_( u0’). _ kx, au;p’  kx, .
u. dx, U ox ou’ pul dx, u’
= o - O r Z - @ )
m r L p £

— each term a function of z/L
— z/L: stability measure
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Stability in the surface layer

z/L: also corresponds to ratio buoyancy / shear production

all @ functions: dependent on z/L (only one m-group)

P

@¢: Scaled Dissipation
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TKE budget in the Surface layer

Scaled Components of TKE budget in SL as function of z/L
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TKE budget in the Surface layer

— transition layer over a forest stand

12— ——— ..
10 @%n

Normalized TKE budget terms
o
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Babi¢ and Rotach (2018)
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Turbulent potential energy

Classically:

— In stable conditions when Rf > Rfc

— local shear cannot maintain turbulence
— flow becomes l[aminar

Zilitinkevich et al. 2008:

— Turbulence can exist beyond critical R¢

— We need to examine also Turbulent Potential energy

— It is Total Turbulent energy (TTE) that determines if mixing
is strong or weak (not turbulent and laminar)

— In atmosphere and ocean turbulence persists to Ri >> 1

M universitat
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Turbulent potential energy

. gi\?1
Turbulent potential — (=) —pgr2
urbulent potential energy . (HN) 20
Budget equation for TPE
DE a g 2 g 2 g 2
p / /

<) g2 (=) g'w (=

Dt |z <(91v) W) (ezv) W (HN) €6
Dissipation

Transport
Potential temperature flux

Link to TKE equation
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TKE conservation equation:

— shear production

— buoyancy

— transport (TKE and pressure)

— dissipation

— all this: in the BL approximation (vertical)

TKE budget as basis for

— dynamical stability measures
— Rg, Ri, Ry

— Surface layer: z/L

More accurate way of modeling stable turbulence
— TKE + TPE approach
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