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Chapter 5
Conservation Equations of

Turbulent flows
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Chapter 5.1
* Conservation equations for Mean Variables

* Conservation equations for Turbulent Variables

Chapter 5.2
* Closure problem and Closure schemes
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Statistical Treatment of Turbulence

Statistical Treatment of Turbulence:
—Reynolds decomposition and - averaging
— conservation equations:

— new variables....
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214 Order Moments

— 2 approaches for treating these new variables

I: Physical approach:
further development of conservation equations

— simplify (assumptions), solve
— numerical solutions
— higher order

II: Similarity theory

w'ée', w'q'and u'w', ...
— scale analysis
— characteristics of the result?

‘9 | + 1l combined (e.g. numerical models, often) ‘
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Turbulent scales:
- millimeter
- seconds

chapter on spectral
characteristics

numerical modeling:

— resolution millimeters.....

— indeed being done (DNS)

— extremely CPU time consuming

—> statistical treatment:
Reynolds decomposition and — averaging
to separate turbulence and mean

M universitat
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Procedure

Conservation Equations for mean variables
Formulate the conservation equation (Table 5.1).
Simplify where appropriate.
Apply Reynolds decomposition.

Reynolds-average the resulting equation to obtain the conservation
equation for the mean flow variable.

Express the result of step 4 in flux form (if appropriate).
Subtract the result of step 4 from that of step 3 to obtain the

conservation equation for the fluctuating variable.

Multiply the result of step 6 with another fluctuating variable to
obtain an equation for the corresponding second order moment.

Reynolds-average the result of step 7 to obtain the conservation
equation for this mean second order moment.

Repeat steps 6-8 to obtain conservation equations for even higher
order moments).

Conservation Equations for higher order moments
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Conservation equations

Mo tum: ; 4
mentum ﬂ+uj i J 29+ Fo6a 19p 199 (5.1a)
ot X; p 9X; p oX;
Energy: ., B _ 70 1 NR; LE R (5.1b)
at 7 ox o axf pc, dX; pc, pC,
Specific q,.,H_E (5.1c)
humidity: a o p
Trace gas: Eﬁ,j 9 _a-s (5.1d)
at oX;
Mass: au;
ass W,y P 510
at 7 ox oX;
Equation of p=Ry-p-T

State:

(5.11)
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Equation of state

p=R,-p-T R, = 286Jkg™ K™
— Reynolds decompgsition
p=p+p
— p=p+p insert
T=T+T

0

o 0 0
5+//— Ra(ﬁf+ﬁ%+ﬁ+p'?)

— average again:

5 = Ra(ﬁf'kp' T)
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Equation of state

~

pT > p'T’

To get fluctuations p’: /15/4- p'= Ra(ﬁ/?+ PpT+p' T+p' T')

P'=Ry(pT +p'T+p'T')
p'/Ra _ (ﬁT'+p'T+p'T')

divideby
5 /Ra = IET
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Equation of state

E=T,+ +p,17/ — L<<1 g<<1
p P

_p, )
T p pT !

p’'=0(0.1hPa) = p'/p=0(10")
T'=0(1K) = T/T=0(102)

therefore must:

p'lp = O(10%)

— replace

———

—|

ol
O
<<

—|| —

p__
19

—> easier to determine
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Conservation equations

M tum: - 90j;
omentum —'+U'ai=-5i39+fc8,3’~’ _1a_p+1 Ojj (5.1a)
at ! ox; " pax; pox;
Energy: ¥, 9 _ #9 1 NR; LE R, (5.1b)
at 7 ox 9 a2 pc, dX;  pc, pc,
Specific q,.,9_E (5.1c)
humidity: a 'x p
Trace gas: £+u1 9 _a-s (5.1d)
ot 2
ou;
Z_ft’+ ,:—p-—p—’ (5.1€)
X; oX;
Equation of p=Ry-p-T (5.11)
State: |
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Conservation of mass

A pu, a;
070_'_ (/O _/):O : R d_p_|_p_j:O
a X dt X
incompressibility:
d,(/
dt Ay A,
P Xy X, OXq
g Reynolds- U, o A,
&Xj decomposfuon @(j ’ OAX/'
and averaging
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Conservation of mass: Incompressibility

- let: A, (X1) — (0 summed!
OX.

/
— special form of mass conservations equation
— Atmosphere: ‘always and everywhere’ fulfilled

possibilities:

1. air exits towards the top
2. flow accelerates
3. density in A increases

X1

1 & 2:incompressible flow
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Incompressibility: ‘Flux Form’

Conservation equations

7
— Advection term: u, A4
@(j
0
olu. / %
identity: Y,7) =y A2 +uj—Z
X, X, X,
advection term corresponds
N o, 7) to flux divergence (avepra e
. g g
I J and fluctuations)
in particular:
o U X) ‘turbulent advection’ term:
u =— — divergence of turbulent flux
J
0"Xj &Xj
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Conservation equations

au 1dp 1doj
w —Lyu; —L =80+ gl —— —— + — —2 (5.1a)
j i cvij3%]
‘ ot X; p oX; P 0X;
Energy: a8 96 #9 1 NR; LE R, (5.1b)
at 7 ox; o axf pc, dX; pc, pc,
Specific q,.,9_E (5.1c)
humidity: a 'x p
Trace gas: %*“J :7?=Q—S (5.1d)
j
Mass: U ;
ass 9Pp . jé’_P__p_/ (5.1e)
ot Tax, Uax
Equation of p=Ry-p-T (5.11)
State: |
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Conservation of momentum

au, au, 1 1 0o,
S+ U — =09 +1.&5U; — qﬁb+ d
A X p X, p X,
| | |1 1V V VI
— equations: u, v, w
| + 1| = total
I: local temporal change (Lagrangian)
II: advection temporal change
Il gravity + 0fori=3

I\VV: Coriolis term

V: pressure gradient acceleration

VI: molecular friction
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Procedure

Step 1: Formulate-the-eensersatian equation (Table 5.1).
Step 2: (Simplify where appropriate.
Step 3:  Apply Reyrotdsdecomposition.

Step4: Reynolds-average the resulting equation to obtain the conservation
equation for the mean flow variable.

Step 5:  Express the result of step 4 in flux form (if appropriate).

Step 6: Subfract the result of step 4 from that of step 3 to obtain the
conservation equation for the fluctuating variable.

Step 7:  Multiply the result of step 6 with another fluctuating variable to
obtain an equation for the corresponding second order moment.

Step 8: Reynolds-average the result of step 7 to obtain the conservation
equation for this mean second order moment.

(Step 9: Repeat steps 6-8 to obtain conservation equations for even higher
order moments).
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Simplifications

oo, U,
1. Newtonian fluid: Term VI > 1 Y :Vé’ Lzll
p X, X

2. Boussinesq Approximation

Yo,
— <<1 > density fluctuations negligible

0

but: one term 'Otg is not negligible
0
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Bussinesq approximation

In practice this means:

1. replace p—p
2.replace g — g(1-6'/0)
It is valid if

v * PBL height small with respect to ‘scale Height’ (approx. 8km)
v L <<1, Q << 1

T 5
v« Flow is incompressible

(V') « Stratification is not too extremely stable
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Conservation of momentum

U,
2
simplifications
A,
+ U
a
Reynolds decomposition and averaging
ou.
—L+u,—+
ot

— ‘overbars’ (averaging)

— one new term (three, actually — summed)
— density fluctuations disappeared....
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Conservation of momentum

Flux form:

ou. _ Ju _ 19p d°U
—L+u, — g+fe U ———+v—7j
ot ox, B pax, X
A, A, __S5.gife 1 1 0”0/
a o 3 P pax o p o,

Original equation:

Reynolds decomposition: (i.e. introduction of turbulence)
— new term(s): flux divergence
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Conservation equations

M tum: 90jj
omentum —'+Uj ai — _6i3g+f08113uj _1a_p+1 0’] (513)
ot X; p ox; p oX;
., _, 70 1 NR LE R (5.1b)
ot~ ax; Uad po, ax;  pc,  pc,
Specific q,.,9_E (5.1c)
humidity: a 'x p
Trace gas: %“’1 37?=Q—S (5.1d)
J
Mass: ou;
ass Z_/t)+ j:_p__p_/ (5.1e)
X; oX;
Equation of p=Ry-p-T (5.11)
State: |
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Conservation of energy

— Energy conservation corresponds to conservation of 0

o0 o0 o6 1 NR, LE R
A X; X; pc, oX; pc, pC,
| |l I 1V V VI

| & II: total temporal change
IIl: molecular diffusion of heat
IV: radiation divergence

V: phase change of water

VI: ‘everything else’ (chemical reactions,
antropogenic sources..)
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Conservation of energy

— all ‘external’ processes =—QR

Reynolds decomposition and averaging:

£+U. 9 L ue)=v,—+—QR
ot 'ox, | dx; ’ Ix; pc,

.] Pnnr:;/glfﬂglgt BLM | Innsbruck | Stiperski | 2020 25



Conservation of scalars

Water vapor:

q -aq |0 - E
07 (qu ) —
0’)( éy ; o
Tracer constituents
X _ & | 7 &
—+ U, H—(W,C)EQ-S
7 5)(] @(j
B universitat BLM | Innsbruck | Stiperski | 2020 26
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onservation equations Tor mean variapbles In

turbulent flow

Momentum: u. U - D U,
ai+l7jai+i(u,-uj)= ,3g+fc£ij3ﬁj—;£+vazu' (516)
ot i 19X; p 9X; J

Energy: 9 2 S 29 N

gy % g, 99 {a @ 0kv, s oR (5.23)
ot oX; |oX, axf pe,

Specific I R R (5.24)

humidity: a x| D

Trace gas: aC +0, oC 4 J (u}C’ =Q-S (5.25)

ot oX; | 0X;
Mass: Mo . Mg (5.8)
0X X;
Equation of p=R.pT (5.4)
State: '
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* Reynolds decomposition and averaging

* new term: divergence of the turbulent fluxes

* from advection terms: u,—-, u,—~, U, —
X, X, X,
_au. _ du, _ a, O T O
u1_l’ U o Us : _(uiu1)’ _(Uiuz)a
X, T X, T OXg X, X,
horiz U.=0 horiz. homogenous
. 3_
homogenous — =0 > =0
- =0 — —
uw, vw are important their vertical
—_—Ww q' w6 the same divergence:
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Procedure

Conservation Equations for mean variables

— In each of the conservation equations:

— new terms: flux divergences

— find conservation equations for these new variables
— example: second moments

Subtract the result of step 4 from that of step 3 to obtain the
conservation equation for the fluctuating variable.

Multiply the result of step 6 with another fluctuating variable to
obtain an equation for the corresponding second order moment.

Reynolds-average the result of step 7 to obtain the conservation
equation for this mean second order moment.

Repeat steps 6-8 to obtain conservation equations for even higher
order moments).

Conservation Equations for higher order moments
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Higher order moments: e.g. momentum

completely expanded equation:

A A, A . , U, 5ui

L+ —L+u, —+u, —
a o j&)(j ! X; J X 0”X
’ ’ 2— 2.,
_ i3g+5,3(9:jg+fcg,jsﬁj +FeU; — 1 b _ 1 P +v ou +va Lzl"
0 O X, p X é)(j X
subtract averaged equation:
au, _— au, J _ 1 o°U.
U, —+—(UU;)=— ,3g+fcg,j3uj—t@+v >
a T & p&X X

— result: ./.
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Higher order moments: e.g. momentum

— conservation equations for fluctuation:

A Al A A duu)
+ Uj + Uj + U j —
A @(j @(j @( @( multiply by 2u;’
o’ 10  JUu,
+ 0,5 (:jg+fg,j3u ——@+V >
0 X, X
au. de?, del oy ouu; _ '
J @(j @(J @(j :
(9, o . summation
+26,,U, (:)g +2f g,U U, — Y P, 2, <2 introduced
0 O X, é)(j
B universitat BLM | Innsbruck | Stiperski | 2020 31
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Higher order moments: e.g. momentum

— ‘cosmetics’

ou* _ du’ +2u , U, ou’* ouy’
ot I 8xj 8xj I 8xj / 8xj

0’ u' dp’ °u’
+20 ..U’ +2fe uu —2—-L +2vu—
i3 (9 )g c 3 i j ,5 3XI. i &XJZ

— Reynolds averaging

ou’* ‘7 ou’* ey ,ou’®
ot I ax ’ f&’x /ox, B
6 ’8p, aZ ’
+20 ..U’ + 2f — 2L +2vu/—=
i3 ( )g Cglj3 i p 8X lax

still
summed!

A

still
summed!

.] Pnnr:;/glfﬂglgt BLM | Innsbruck I Stiperski | 2020
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Higher order moments: e.g. momentum

— flux form
o’ Lo o - oo 94, uu’” ‘
ot Tax. T ox  dx :
’ ! still
' ' o°u’
+26..u/ 9? +2f e..3u.’uf—§u_’&p +2vu'— summed!
I I 6 c I p IaXI | &X
—> sum: conservation equation for TKE! (TKE = O.5pu;l.2)
— 3 conservation equations for velocity variances....
M universitat BLM | Innsbruck | Stiperski | 2020 33
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Higher order moments: velocity variances

Have 1 equation, summed ( i=1,2,3)

o’ ou”? ou?  ou’?  ou?
LU, —L=..... : 2 43 4
ot I ox ot ot ot

all terms with i=1: =A
all terms with i=2: =B A+B+C=0
all terms with i=3: =C

| A=0
A+B+C=0 QOHSBKNW B=0
C=0
M universitat BLM | Innsbruck I Stiperski | 2020 34
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Higher order moments: velocity variances

3 conservation equations for velocity variances

Uu,. 2 2 — au?
1 §u1+UJ%:_2u1 ‘IW»]_ j7 A
a é)(j é)(j 03(1
’ ) ) 2
+2fcu1'u'2—§§u1p +%p,0‘u1 —2vu’1a uz1
1 p X X;
. 12 12 — dJ,-U,z
UZ. §U2+Uj é’Uz _—2U2Uj Wz_ Y2
a X X
— 2 y ) 2 y 2.
—2fcu1u2—téuzp +tp,0”uz_zvu,25u22
p X, p X X3
’ ’ o2
Uj: ou’; 7, 5“5__2% ;Ws_éufus
a X X,
- ) ) ’ 2.
+ZTgu;¢9 —2u, }@—ééu?’p % Ay —2vu’3—é’ u23
0 X, p Xy P Ky X
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Higher order moments

— turbulence: ‘introduced’ through Reynolds decomposition
— have eq. for mean turbulent flow
— even for higher moments....
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Closure problem

conservation equation for mean flow:

ou, _ ol 9

_ 1dp 2°U
—L+u +
Jt /! 8xj 8xj

—-0.g+fe U ————+V /
i3 c jj3 7 ani &XIZ

— 2" moments appear! (new variables)
— conservation equation for new variable...

N

ou? _ Ju’* — JU. — 3rd moments appear!
+U. = -2uU’ —
ot b ox Hdx,
’ ’ 82 /
+20 U g +2fe..3u.’uf—%u.’ap +2vU’ L;’
I I 0 c I p IaXi I axj

B universitat erski
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Closure problem

Zop
2 U —5,39+fg3u—1do+/I .
a o, p X p X,
— no turbulence
— 7 variables (u, v, w, p, q, 0, p)

— 7 equations
After:

Before:

Bu &u J
8t f&x &x

— turbulence mtroduced
— 12 new variables (auto-)covariances

(uu)=-0,9+fe U ——=—+V

—> conservation equations for covariances:
— even more new variables...

‘Closure problem! ‘
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Dilema

Description of a turbulent flow:

1) must: resolve millimeters / seconds

— cpu-problem

2) Reynolds decomposition / averaging

— closure problem

way out:
— turbulence closure!

5 %‘nnr{;/g;a'gﬁt BLM | Innsbruck | Stiperski | 2020
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Turbulence Closure

— at some point: break the vicious circle
‘new equations - even more new variables’!

for example at first order:

— parameterize the unknown 2" moments
—> u'w’ =0, or uw’=const. ...

— or on the basis of similarity theory

- ..

! Hnnr:;/g;fjlglgt BLM | Innsbruck | Stiperski | 2020 40



Turbulence Closure

Closure of order N:

e conservation equations up to order N
e (N+1)"h moments parameterized

Jn+1 _ f(MI”, /n1 ___Mj1, P. )

n+1 n-1? I

function f: parameterization
— dependent on the moments up to Nt order
— need not to consider all
—> parameters P,

l universitat -
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Turbulence Closure

Parameterization:

e consistent with the unknown in terms of
— units
— tensor symmetries

e invariant with respect to transformations
— e.g. coordinate transformation

* no violation of overarching principles
— e.g. energy conservation

M universitat
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Overarching principle: energy conservation

example: climate model .
atmospheric model

* Level2 ¢ ' . o |level2 ¢ . .

[Tn.Qu.l:u.Vu.Wn) 5 Ty, Qu Uyg, Vg Way)

C > ‘NR ' Lol ® I
(T, HA
7

/ %

o level1 o

Surface energy balance

Inim

both, H, and Hy ‘optimal’

- let: +/- 1 Wm(!) ocean model
— integration over 100 years.....

— energy conservation of the complete system!

M universitat o
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First order closure
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First order closure

— conservation equations up to mean variables

(15t moments)
— parameterization (co-) variances (2" moments)

approach:

remember....

D= pvs; = pvidu, |k, +au, ;)
shear stress tensor proportional to deformation rate

... in analogy:
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First order closure

... in analogy:

%: _(Km)a'(éUi/Oyf +éUj/é)(i)

turbulent shear stress tensor
proportional
to mean deformation rate

Reynolds stress tensor

factor of proportionality: ‘K’
— ‘K theory’

! Hnnr:;/g;fjlglgt BLM | Innsbruck | Stiperski | 2020 46



K Theory

0

proportionality factor: ‘K’
— ‘K-Theory’
— minus sign: transport ‘against’ the gradients

(K)o, + iy ox;)

A

(Kip)j; - ‘eddy viscosity’

= 13 :—(Km)13(851 [dx, + U, /8x1)

H Hnnr:;/g;a'gﬁt BLM | Innsbruck | Stiperski | 2020 47



Intermediate summary

Reynolds decomposition and averaging:
— additional terms in the budget equations (new variables!)
— in each: flux divergence terms

Dilemma
— if turbulence to be resolved: need (Super Computer)?
— if Reynolds decomposition and averaging: closure problem

Closure problem: the higher order conservation equations one
works out, the larger is the number of new
unknowns introduced

Closure of order n: consider budget eqns up to order n
— parameterize moments of order n+1

- Pnnr:;/g;ls_jrctﬁt BLM | Innsbruck | Stiperski | 2020 48



Intermediate summary

1st order closure:

— equations up to 1 (i.e., budget egns for mean variables)
— parameterize the 2"d order moments

Zle, y'w', w'e', w'q', ..

15t order closure, example:
energy equation:

N 2} 2N -
ﬁ+ﬁ. 79 + J (u'e’ =v6582+ _1 QR
ot  lox. odx. ! ax< pcC

J J J P
> K-closure:  w'@ = -K, ﬁ
@(3

M universitat
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K Theory

If coordinate system | | mean wind,
and horizontally homogenous:

T oo ou -
? =uu,=—(K ), 5’—)(; > K., instead of (K,);3
general (variable a):
L ( Ja %a )
wa =-K _ — va'=-K_—, Uua'=-K, —
a3 axs az 8X2 " &X1

Everything OK?

— problem shifted!
- need K instead of 2" order moment

H Hnnr:;/g;a'gﬁt BLM | Innsbruck | Stiperski | 2020 50



K Theory

Determination of K:

- K= const. (old models) ‘not the best solution...”
(Stull 1988)
- K from Prandtl/ v. Karman theory just neutral....

- K from similarity theory (exercise)
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Formulations
for K

Stull (1988)

Table 6-4. Examples of parameterizations for the eddy viscosity, K, in the boundary layer.

B universitat
W innsbruck

Neutral Surface Layer:

K = constant not the best parameterization

K=u?2T, where u, is the friction velocity

K=U2T, where T, Is a timescale

K=kzu. where k is von Karman's constant

K=k%22 [(0U/z)2 + (/0z)2]'? from mixing-length theory

K=12 (aU/az)?- where I = k(z+zo)/{1+[k(z+20)/A]}, A=length scale

Diabatic Surface Layer  (generally, Kgtatically unstable > Kneutral > Kstatically stable)
K=kzu./ &y (L) where ¢ 4 a dimensionless shear (see appendix A),
and L is the Obukhov length (appendix A)

K= k%22 [@0fz) + {(g /6,)08 /z]} /2] for statically unstable conditions

K= K22 [(00/z) - (L/2)8{(15g /e_v)~|ae—v/az|}"21 for statically stable conditions, where
' Le= -0u.2(15kg6.)

Neutral or Stable Boundary Layer
K = constant see Ekman Spiral derivation in next subsection
K =K(h) + [(h-2)(hzsDI {K(zsD) - K(h) + (z-zsDIBK/Rz], +2(K(zs))-K(M)(h-zg)])
this is known as the O'Brien cubic polynomial
approximation (O'Brien, 1970), see Fig 6-2, where
zg|_represents the surface layer depth.

Unstable (Convective) Boundary Layer:

K =1.1[(Rg- Ri) /2 /Ri] jpUraz| ford0 f0z>0  where /=kz forz <200 mand

K= (1-18R)"2/2 pusz| for 30 0z < 0 [=70m forz>200m.

Numerical Model Approximation for Anelastic 3-D Flow:
K= (0.25 )2 - 0.5 5 = [30yax; + &Tyax; - (213)5y%(@Ufax12 |2 where A=grid size

BLM | Innsbruck | Stiperski | 2020 : 52



K Theory

The important K's:

uw =-K_ j_u momentum —> ‘eddy viscosity’

X3
wo' =-K, 5—9 sensible heat - ‘eddy conductivity’

X3
wq =-K 29 latent heat

70X,
e —_k 2C  tracers > ‘eddy diffusivity’
©dx,
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K Theory

Properties of the K's:

\ o \ —

relatively well known more difficult only in recent
(easy to determine) to determine years
oC oC
wC'=—-K.— —>K. =-w(C'/—
©Ix, ¢ IX,

— need to measure trubulent fluctuations, C’

— proton transfer reaction time-of-flight mass spectrometer,
PTR ToF-MS

— Innsbruck Atmospheric Observatory, IAO

- Hnnr:;’g;a'gﬁt BLM | Innsbruck | Stiperski | 2020 54



K Theory

Properties of the K's:
Km@KH ~ Kq ~K, _

\ o \ -

relatively well known more difficult only in recent
(easy to determine) to determine years

— K., most closely to ‘external variable’
— K, modifies stability

Kunstable > Kneutral > Kstab/e » for all variables
e efficiency of exchange

M universitat
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K Theory

Height dependence (from similarity theory)

Y
Z
h|- l %
\
\‘
| e
= Boundary Layer
1
i
g
ZsL}- =
0 L/\/- Surface Layer y -

0 K(h)

K

— K-theory often in
models (esp. global
climate)

— ‘all turbulence information
in K’

— i.e. turbulence
entirely parameterized
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K Theory

— limitation of K-Theory:
— under certain conditions correct solution not attainable

ol Tl Sy ipses 1.0l T e - :
i il s b ‘correct solution’
| i hi Lol —M134
08¢ 5L I:”E . osf ! : : -—--8=0.09"
' : li; ] ot 50016
| t TE o - --g=0.15 p' K-Theory,
i i M : [ [ —--2= §=0.33 :
0.6 I ol 0.6} - £=0.
e 3 S Rt B ] possible
} il: ,'l . 4 } ‘ { l J
0.4} " R IV SR Y { pard-
. i £ L meters
L IR ' " AW
0.2 L ] 0.21 W ]
j [ ; W
s .l// 3 4 L
0.0 b 0.0 s .
0 2 4 6 8 10 12 298 299 300 301 302
<y> (ms™) <u> (ms™) | <6>/(K)
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1.5 order closure

M universitat
innsbruck

BLM | Innsbruck | Stiperski | 2020

58



1.5-order Closure

— first order: turbulence entirely in K...
— cannot reproduce fast temporal changes

— 2" order.... (laborious, lots of new equations)
—> compromise:

e conservation equation for TKE
e conservation equation for dissipation rate €

—2
| __ a é
still: Uw =-K, but: K, o«
@(3 £
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1.5-order Closure

il gwe_k 24U
m 8x3
—2
e

— ‘few’ higher order moments considered

TKE:%pu;Z, e=TKE/p

— still: “flux proportional mean gradients’
— order: 1.5
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Non-local Closure

— Up to now: all closures ‘local’

— local= flux of the height z parameterized with
the gradient of height z
= more general: moment of order N+1 at location is r
parameterized using moments of order N at location r

— this is not always fortunate .....
— example: convective boundary layer
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Non-local Closure

CBL:
Wé?(zf) -K,, ﬁ

3

= K, =7

z=z;

> N

\»a

— CBL: exchange through large eddies [O(z;)]
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Non-local Closure

CBL: pragmatic approach:
— ‘counter gradient term’

o0
wo(z)=—-K,(— -
(z;) H X, Vo)

Y, from conservation equationfor @

— general: non-local closure:

— Transilient Turbulence Theory (Stull)
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Transilient Turbulence Theory

Principle: Moments to be parameterized for each
‘erid cell’:
influenced by variables at all possible
other grid points (non-locall)

1+3

‘concentration’ C:

Crild  Ct+at)= SM(t AT (t)

j=1

1-3
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Transilient Turbulence Theory

i43 ‘concentration’ C:

i+] Ci(t At=nMi-t,At C(t
ey (+)j§1,( ) C;(f)

flux at box i:

wCii)=(22)S S M(C,-C)

1-3
At 12

— combination of the ‘exchange’ of
any box with all the others

—> determination of M;???
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Transilient
Turbulence
Theory

B universitat
W innsbruck

No Mixing

Grid Boxes

I=1 |74

Transilient Matrix
]-1 2 3 4

Y% Vi Vi Y
/%//
//4*/‘/

/%/V

Patchy Turbulence

C

Faki 1 20200

Small Eddy Mixing (K-theory)

Transilient Matrix

"\‘"
N,
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i 0% o
1/1003/
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Grid Boxes
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L4
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Which closure?

The higher order the closure, the better?

e 13 order....
— equations up to the 13" moment
— 14™ moment parameterized....
— no idea about these moments!
— statistically highly uncertain!

— practice:

* many atmospheric models: 15t order!
e elaborate models: 1.5 or 2" order
— operational NWP (WRF, COSMO, Arome, .. : 1.5 order
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Which closure?

16+07 3
:
1e+06 3
1e+05 =
e+04 3
2N i
1 Mixing Length [ R l ~
100 4 Ex(Z+zy = ' T &
g E-g A factor 2 i l
1 E-e-t - ! T M
103 Levela g2 e : I
: | ]
1 - : O o

-0 99 8 7 6 5 4 3 2 - 0 1 2 3 4
<-u,u,>"/aku.
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Which closure?

SL,
— small-scale turbulence: neutral PBL
local closure ok stable PBL
— large eddies (CBL): CBL
at least 1.5 or 2" order canopies

alternative: Large Eddy Simulation
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Large eddy simulation (LES)

Reynolds averaged models:

KE

TKE —>

v‘i|

— entire turbulence
spectrum
parameterized

~ spectral gaop

Large Eddy Simulation

— filtered equations

— large eddies resolved

— only small ones
parameterized

spectral energy

lassy L

3

i Litesa 4o g lussar s | IFTER

0% 10 102
time period (s)

10
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Large eddy simulation (LES)

LES:
— resolves big eddies

—> turbulence model
dependent on Ax!

— highly CPU-intensive!
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Direct Numerical Simulations (DNS)
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Summary: Closure

— fundamental problem
— closure approach necessary

— local closures (K-theory, e - g, ..)
— non-local closures

— expensive alternative: LES
— DNS
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Turbulence in the conservation equations
— new terms: higher moments
— flux divergence

e Closure problem!
— closure: order N
— often 1. order (K-theory)
— local and non-local closures (CBL!)

e each numerical model needs a closure
— NWP model, climate model, (but also all the others...)
— the closure is the turbulence model
— it describes the earth-atmosphere interaction
e |dealized solution: Ekman Spiral
— Chapter A....
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