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Statistical Treatment of Turbulence

Statistical Treatment of Turbulence:
—Reynolds decomposition and - averaging
— conservation equations:

— new variables....
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2nd Order Moments

— 2 approaches for treating these new variables

I: Physical approach:
further development of conservation equations

— simplify (assumptions), solve
— numerical solutions
— higher order

II: Similarity theory

w'ée', w'q'and u'w', ...
— scale analysis
— characteristics of the result?

‘ — | + Il combined (e.g. numerical models, often) ‘
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Chapter 4
Similarity Theory
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Background procedure: scaling

Often: different realizations of a process are very different
Often: single realization not very conclusive

— ‘In Bangladesh the prize of 1 kg rice
corresponds to 3 Cts...”

BUT: they are rather similar in terms of dominant,
possibly external variables.
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Often: single realization not very conclusive

— ‘In Bangladesh the prize of 1 kg rice
corresponds to 3 Cts...”

better: price (kg rice) N
weekly income

— scaling helps comparing similar cases

0.05
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Scaling example: flow separation

When will we have flow separation from our mountain?
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Scaling example: separate or not?

+——> Hydraulic transition

oo —»Blocked Fluid upstream For given aspect ratio
. ’//' ’// _ . .
NA, i h/A = height/width
o —=0.1- y 4t
U /t/ ’/’
20l ,,P“Q;ﬁﬁﬂ;’.ﬁye,yf It will separate or not
s g depends on:
i N — stability
0.5} .
U — wind speed
02}
pd y
e {:N 1 Post-wave
O separation,” | separation
0.05 -on obstaclg/ .
00T 02 05 .o 50 10.0 Baines 1995
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Scaling example: flow separation

When will we have flow separation from our mountain?
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Scaling Example: boundary layers
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Similarity Theory

— formal empirical scaling approach for turbulence
Basis of similarity theory: Field experiments
Structure of turbulence over flat terrain

— shows common, consistent repeatable behavior
— is determined by a few key processes (variables)
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Similarity Theory

Basic hypothesis:

If all the relevant processes are taken into account, any non-
dimensional variable can be described as a universal function of the
maximum number of independent non-dimensional combinations of
process variables.

Preconditions:
— equilibrium conditions
(quasi-stationarity, horizontally homogeneous, flat)
— this is the general case...
— but is not a necessity (could be relaxed)
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Similarity Theory

Approach (recipe):

1. Determine the relevant processes (i.e. the
corresponding variables): one observed variable per process

2. Determine the maximum number of independent,
dimensionless ‘it -groups’
— Buckingham’s ‘m-Theorem’: N mt-groups

3. Any mean dimensionless variable in the system, 3,
may then be expressed as

a
o = fa(nl’ T, ...TC, )

4. Perform an experiment to determine the shape of f,
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Similarity Theory

Approach (recipe):

—similarity theory does not say anything
about the shape of f,!

—other knowledge (theory) may possibly
be used to specify certain conditions for f,
(e.g., limiting values)
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Similarity Theory

Approach (recipe):

1. Identify relevant processes:
— our knowledge (meteorological) of boundary layer
— under standing physical processes

— trial and error?
— which variable is relevant for a process?

Note: only the experiment will tell us, whether
we have identified ‘all the right” processes
under 1) (not too many, none forgotten)
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Similarity Theory

Approach (recipe):

1. Determine the relevant processes (i.e. the
corresponding variables): one variable per process

2. Determine the maximum number of independent,
dimensionless ‘it -groups’
— Buckingham’s ‘m-Theorem’: N mt-groups

3. Any mean dimensionless variable in the system, a,
may then be expressed as

a
o = fa(nl’ T, ...TC, )

4. Perform an experiment to determine the shape of f,
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Buckingham m Theory

given: n variables, with r fundamental dimensions
> [m, kg, s, K, Al °

choose: r key variables

whereby: - all fundamental dimensions must be
represented in the r variables
- no dimensionless combination of the key
variables must be possible

— determine the ‘dimension equations’ for the
remaining (not ‘key’) variables:

N =n—-r equations
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Buckingham Pi Theory

— determine the ‘dimension equations’ for the
remaining (not ‘key’) variables :

N = n—-r equations
- et Vy, Vy, V3,Vy variables

- be: V| = pressure, V, =length,
V; = frequency, V, = density

(example)

— choose: Vi, Vo, V3 keyvariables

— all physical dimensionsin V,, V,, V5?

V V V y

1 2 3
[kgm's®]  [m] [s7]
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Buckingham Pi Theory

— choose: Vi, Vo, V3 keyvariables

— all physical dimensions in V,, V,, V5?

V V V y

1 2 3
kgm's®] [m] [s7]

— no dimensionless combination possible from V,, V,, V5?
— kg’ only in one..... v
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Buckingham Pi Theory

— dimension equation:

Vi= (W) - (%) (W)
kgm?] = [kgm" s - [m]° - [s")°

- example: p = (Ap)® - (L)
kgm”] = [kgm™s’ ] - [
eq. forkg: 1= a a=1
for m: -3 =-a+b b=-2
for s: 0=-2a -c c=-2

(f)
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Buckingham Pi Theory

— determine the exponents
(i.e.: solve the dimension equations)

— example: a=1, b=-2, c=-2
V1 : .
V. = — dimensionally
4 2 2
AA correct
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Buckingham Pi Theory

— for each equation: divide the left hand side by the
right hand side

N=n-r T -groups

2 2
Vo Vg . .
— example: Vg - = JT4 — dimensionless
Vi
a . _
- —=f(n,n,,..x,)=f(r,) —> foranymeanvariablea
a,

in the system
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Buckingham Pi Theory

7r2,___7zN) — for any mean variable a
in the system

— how do | get a.”?

— use key variables: —> dimension equation:

a.= V) - (V) - (Vo)

example:
— if a« = scaling velocity: [ms']=[kgm™”s?]°-[m] -[s"]°
— e=0
a.=V,-V,
— f=g=1
= universitét BLM | Innsbruck | Stiperski | 2020 23
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Example: Geostrophic wind

First order approximation
1 40
UG = - p y
pf, dy
1
Vg = &P
pf. ox

useful: @ synoptic scale
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Example: Geostrophic wind

1) Relevant variables:

— relevant processes: pressure gradient force (A p/Ls, p )
— Coriolis acceleration (f)

Ap [kgm's?] )
f o [sT] n=4 variables
> r= 3 dimensions
L. [m]
o [kg m”] —> 1 dimensionless group
' y,
. _universitét BLM | Innsbruck | Stiperski | 2020 25
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Example: Geostrophic wind

2) Dimensionless groups: N=1

choose: key variables Ap, L., f
— no dimensionless group possible (kg in
only one variable...)

- dimension equation: p=(Ap)? (L)P - (F)°
[kg m™®] = [kgm”s?]° - [m]® - [s7]°

T
(NN

%

||
Nl\)
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Example: Geostrophic wind

p=(Ap) (L) -(f)°

-) e p= > ,
2 L. f

a
b
C

202
—_— T, = pL. 1 ...divide the left hand side
Ap by the right hand side

M universitat

¥ innsbruck BLM | Innsbruck | Stiperski | 2020 27



Example: Geostrophic wind

3. Any dimensionless variable in the system, 3,
may then be expressed as

9_f@m)  (N=1)
a,

— Ug: geostrophic wind (wanted)
— Ug- = Lf scaling velocity
(produced from the key variables)

4. Experiment

B universitat erski
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Example: Geostrophic wind

DA

L] different
"~ experiments
O

o

A A
o
+ I X % ®
A (m
oS %
| : A0
‘local’ . geostrophic | ‘hemispheric’
I I ’
— synthetic ‘data’! T4
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Example: Geostrophic wind

- ‘experiment’ shows: fG(7Z'1) < TT,

= IC (7,) = \(}* pL\E‘f

remember: =C- 1 Ap
U = -io’)_p pf L*
° phay’
sz 1P
Pl Ix — ‘good’ in a certainrangeof T

1
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Example: Geostrophic wind

DA

L] different
"~ experiments
O

o

A A
o
+ I X % ®
A (m
oS %
| : A0
‘local’ . geostrophic | ‘hemispheric’
I I ’
— synthetic ‘data’! T4
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Example: Period of Pendulum

— n =4 dimensional variables:
T (oscillation period), M (mass), L (the length of the string),
g (earth gravity)

— r =3 fundamental physical units in this equation
time, mass, and length

—>weneedN=n-r=4-3=1dimensionless quantity

: : L T?
— dimensionless quantity is: Il = gT

L
and therefore: T = const\/;
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HEIGHT (m)

Example: Similarity Theory

Monin-Obukhov Similarity Theory

— for surface layer

10° :
Stratosphere
104} X -
L M -
10 A
Troposphere '
102 | -
Planetary
Boundary Layer
10' —
Turbylent
1 e SurfacqLayer
> L 5:

O 7777777777777 777777777777777

100 km

T km

10m

0

assumption SL:

— fluxes are
~constant with
height

2 e.g.. uwl(z)=u'w,
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Monin-Obukhov Similarity Theory

Relevant processes & variables

= friction u'w'o [m?s2]
— heat exchange w'd'o [MmKs]
- buoyancy glo [ms2K?]
- length scale z [m]

(max size of eddies)

—p- =4 } exactly one dimensionless group
(N=1)
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Monin-Obukhov Similarity Theory

choice ‘key variables’:

u'w'o w'o'o gle
[Mm?s2]  [mKs1] [ms2K1]

— no dimensionless group possible?

Swould:  [0,0,0] = (U'Wo)? - (W'60)° (%)f

eq. form: 0 =2d +e+ f i)
fors: 0 =-2d - e - 2f i)
for K: 0 = e- f iii)
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Monin-Obukhov Similarity Theory

eq. form: 0 =2d +e+ f )
fors: 0=-2d -e -2f i)
fOI’ K: 0 = e - f |||)
iii:  e=f
i 2d+2e=0 — d=-e (=)
9“: ‘2d+d+2d:0 — do(ef)
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Monin-Obukhov Similarity Theory

one dimensionless group to determine:

) Z =
g w' 9'0
6
zg w'O's
Viz Ty = 0
. (ul W'O )3/2
B universitat BLM | Innsbruck | Stiperski | 2020 37
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Monin-Obukhov Similarity Theory

a
for surface layer: a— = fa(ﬂ'1)

Any mean variable
- if non-dimensionalised with a
— isafunction of 7 only

Example:

—> a=o, (forairpollution modeling...)
— a.? — a velocity.....

— friction velocity (we will see)

B universitat
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Monin-Obukhov Similarity Theory

a
For surface layer: —=f (7,
a*

Monin und Obukhov (1954):

similar approach, but not formally the same
— what determines turbulence near the surface?
— friction and heat exchange

friction — momentum flux
heat exchange — sensible heat flux
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Monin-Obukhov Similarity Theory

a
For surface layer: —=f (7,
a*

Monin und Obukhov (1954):

surface layer:

surface layer

turbulent flux at the surface ( U'W'o, W'6'0 )
is characteristic for the SL

= ‘constant flux layer’

— turbulent fluxes do not significantly
change over lowest 10% of boundary layer

— surface fluxes influence (determine)
turbulence in the entire SL

B universitat
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Monin-Obukhov Similarity Theory

a
For surface layer: —=f (7,
a*

Monin und Obukhov (1954):

6.=-wWw@a,/u,
1u? g 1 u’ _
L=——Zy = —(gy
ko0 kwo. 6

characteristic
velocity

characteristic
temperature

characteristic
length

M universitat
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Monin-Obukhov Similarity Theory

a
For surface layer: —=f (7,
a*

Monin und Obukhov (1954):

Def: U, = (-U'W )V characteristic
velocity
note: friction velocity was defined earlier:
5 ,\1/4
u, = (u’w’o + v’w’o) (*)
— in streamline—coordinates: vw' =0

— (*) is proper definition (should also generally be in L)
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Monin-Obukhov Similarity Theory

a a Z
For surface layer: a._ f.(m,) —=f(-)
a, @ a °L

Monin und Obukhov (1954):

1u! (O u? g\
[ =——(= =
) (9) :@N,Q,O(Q)

g 1 1
compare Z=W 0o 7
. . JT, = 0 @ — difference:
our analysis (u' W'o)3/2 L von Karman constant k
B universitat BLM | Innsbruck I Stiperski | 2020 43
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Van Karman constant

Early approach (before MOST):

ou z
— — = const.
0Z Uk

— experiments: ‘const’ =1/0.4=2.5
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Van Karman constant

B site 1, different u.

. ® site 2, different z
ou z

0Z Usx

A

A site 1, different z

25 - —ky A My g A O A
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Van Karman constant

Early approach (before MOST):

ou Z
P = const.
* ou z

> experiments: const =1/0.4 ——04 =1

0Z Us \
_ k

ou Kz
0Z U-

However: - only constant for near-neutral flows
— stable flows: 1/k larger
—> unstable flows:  1/k smaller
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Van Karman constant

unstable stratification

Q© stable stratification
. B site 1, different u. )
ou Z . . near-
_ ® site 2, differentz > neutral
0Z Us A site 1, different z )
° o
® % o
o ®
2.5 _.._‘Z.A.‘_ ....'._‘_ ..J..__..__‘__
» Us,Z
.— universitét BLM | Innsbruck | Stiperski | 2020 47
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Van Karman constant

early approach (before MOST):

ou z
P = Cconst.
Z U —
* ou z
> experiments: const =1/0.4 ——04=1

0Z U \
k

However: = only constant for near-neutral flows
— stable flows: 1/k larger
— unstable flows:  1/k smaller

Any new theory (MOST):

— retain success of ‘old theory’ (neutral conditions)
— better & more general where old theory fails

— keep k in MOST
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Monin-Obukhov Similarity Theory

— for Surface Layer 3
- dependence on z/L —=f(m,)
— Obukhov Length L: a.
0

G o) ) -
Z_ 6 measure for stability of stratification
L (U|W|O)3/2
wo,=0 = L= z/L=0: neutral
weoe,>0 = L<0 z/L<0: unstable
weoe.,<0 = L>0 z/L>0: stable
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Obukhov Length L

L 200 m

- 100 m
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Surface Layer Scaling (MOST)

a
a_ — fa(n1) — make an experiment to determine f,
example _
wind speed: ou Kz

— —=¢(z/L)

0Z U

S

a A«
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Surface Layer Scaling (MOST

Designing your experiment

o W

T

e

Kansas Experiment 1969

= _un|ver5|tat BLM | Innsbruck | Stiperski | 2020 52
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EeB 35 ¢ k=040

- experiment says,
2 whether scaling
JuiShacalil s o is ok ...

— here: apparently
ok

4 ¥ ¥ ]

¥ ¥ 1] 1 ¥
25 -20 -13 -10 -05 O 05 10 15 20

2/L Businger et al (1971)
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Surface Layer Scaling (MOST)

T-variance:

Wkz G (ziL)
0Z U-

% _ 4 (2
20— ()

0* — _W,—H,o /U*

characteristic
temperature
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Surface Layer Scaling (MOST)

Non-dimensional temperature variance

unstable

o
D =L
0 |9*

stable

(b)

107°

z/lL

10

data from Cabauw observatory
near neutral:

w'é’ — 0

Sfyri et al. (2018)
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Surface Layer Scaling (MOST)

a Z

— =:f;('_)

a- L

. ou kz

wind: —_=¢m(z/L)
0Z Uk
O Z

T-variance: — = ¢, (%)
0. L

velocity variance Ow — ¢W(E)

U L
- universitét BLM | Innsbruck | Stiperski | 2020 56
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Surface Layer Scaling (MOST)

4 T [ T . T
ol .
Y. 2
,g . @ W”ﬁ
Ez ® o, °* S@0® ﬁ %wméwd}
6 I e
08} _
06
04— . i ’ ; L
-z/L
e Kansas
e unstable
e free convection limit: -1/3 power
Z
U* L
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Surface Layer Scaling (MOST)

| ou kz

wind: ——=¢.(z/L)

0Z Uk

O Z
T-variance: 9 = ¢9 (—)

6. L
velocity variance: Ow _ ¢W(E)

Us L
| 2 _ £ (X))
Tracer concentration: — Ty
X L
B universitat BLM | Innsbruck I Stiperski 1 2020 58
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Surface Layer Scaling (MOST)

B o v E o g

L5855
2w~ «44m

, }ﬁﬂﬂ,ﬂ 13m

L>8im
EBLL<EBm

10k

DRO®EE 9O

e B 14, Stabile
' B 15, Unstoble

2%/x

IxsL]

e Prairie Grass, tracer experiments

* Z. = Q/(u. [ xdy)caled concentration
e transformation of z/L dependence into x/L through u
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Surface Layer Scaling (MOST)

2 - f(m)
a,

Note: only the experiment will tell us, whether
we have identified ‘all the right” processes
under 1) (not too many, none forgotten)

. . . Oy Z
— example: vertical velocity variance = ¢ ()
. , U- L
— in ,Kansas’: yes
— in hilly terrain; no....
B universitat BLM | Innsbruck | Stiperski | 2020 60
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Surface Layer Scaling (MOST)

Standard deviation vertical velocity

L L L L L LS LLALE LA SR RALL L T i""i"'f%"n' ”
30__\\ e wind direction >240° _:
SN ® wind direction <240° .
- mm== oy /Uy = 13 (=3 (273 .
- 173 -
~ sl —— oy /U= 1.3 (¢ ~2.52/L) o . N
o lu, [ i
w i PY }
2.0+ * @ —
1.5 —
: * o.::. * o '. e ** ° :
.0 e -
N S TR BT AW [TIT1 PN NI FTTT) OO A Ll
-40 -20 -10 -05 -0.2-0.l 0 0Ol!l 0.2 0.5 1.0

z/L Panofsky and Dutton (1984)
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Surface Layer Scaling (MOST)

Standard deviation horizontal velocity
Unstable Stable

G, /Ux

G,/ Us

| I I I | I | I

10° 1 102 10 107 107 1 10 _ _
-zIA zIA Stiperski et al. (2019)
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Surface Layer Scaling (MOST)

Standard deviation horizontal velocity

o, /U«

c,,/Ux

Stiperski et al. (2019)
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Surface Layer Scaling (MOST)

Wind profile b (2/L)= 8_UE
Jdz U,
(a) 1 un§table (b) 10 s'table

——®,=(1-15¢)™ 014472

08¢

06

047

Nadeau et al (2013)

wl

M universitat

¥ innsbruck BLM | Innsbruck | Stiperski | 2020 64




Surface Layer Scaling (MOST)

Use MOST (for the Surface Layer)

get wind profile in the SL:
— based on MOST prediction for non-dim gradient

| | ou kz
wind profile: — —=¢,(z/L)
0Z U
B universitat BLM | Innsbruck I Stiperski 1 2020 65
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Surface Layer Scaling (MOST)

wind: a—Uk—z=¢m(Z/L)
0Z Uk
let: ¢, (z/L=0)=1 (choice of k! = k=0.4)
—> neutrall
B P S Ty
kK z u, K z, £
_ _ ¥ ufdz u. _z,
— u(zz)—u(z1):Jdu: k! . = kln(z1)

Def:

u(z=z,)=0  z, roughnesslength

B universitat
M innsbruck

u(z)= im(i) —> log profile, neutral
Z
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Surface Layer Scaling (MOST)

u(z)= —In(=) - logprofile, neutral

O 480
wl ]
WO - -
l.D/; Mcssungj ‘
. = 300 R -
Wlnd tunnel £ Hitzdrahtmessung
i ]
. % ber. log-Profil
observation LN .
% | | ber. Potenzprofil
Y180 alpha=0.23 | 0 T @& 7 0
— ideally neutral
20+ - - - o
6oL - -

{0 0.5 | 1.5
u{z)/u(60mm)
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Surface Layer Scaling (MOST)

Wind profile Surface Layer

|
()= In(>) = u(z,)=0

o_|
4 2N Z
ZO
— surface

Z, Zo ‘seen’

. = -

u u u
— z, dependent on size of roughness elements, z_ =0.1h
— log-profile is a property of Surface Layer
L _universitét BLM | Innsbruck | Stiperski | 2020 68

W innsbruck



Surface Layer Scaling (MOST)

Wind:

non-neutral:

B universitat
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Surface Layer Scaling (MOST)

‘correction’ for stability
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Z/L i o

—~ 0.8
0.6
~06
0.4
- 0.4
024, ©
010 -003 0035 0.10
1 1 1
T
ato 0.05 0 0.05 0.10
174
----- ¢ =0-150)

O =(1-yz /L)
\ P TS \

Z 1+ x

‘Pm(z)= -21In

+2tan”(x)- 7| (x = (1-yz/L)")
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Surface Layer Scaling (MOST)

wind: U(z)=%:ln(f)—‘l’m(2“):

(0]

Inf neutral
unstable
\
\ stable
> U
B universitat BLM | Innsbruck | Stiperski | 2020 72
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Surface Layer Scaling (MOST)

Potential 90 kz
temperature: 07 0.

k (z) _ z ¢) 7| L ,
non-neutral: —~ f ol ZJ i , )dz
9 é(ZH) ZH Z
4 dz’ Z 1— ¢H(Z,/L)
=[—-7 ’ dz
ZoH Z ZoH z
=Inf—|- [ , az
ZOH ZoH Z
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Surface Layer Scaling (MOST)

ZoH

— 9(2)-0(z) - & m(i) g (2/1)

-z, ,reference height’, ,roughness length for temperature’

— not the same as z,
— some, 10 times smaller than z,
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Surface Layer Scaling (MOST)

— 8(2)-0(z, )=?*:|n( = )_WH(Z/L):

ZoH

general form:

Z Z\ 1/2
T<0 gu(z/L)=(1-15])

~IN

-0 gu(z/L) =(1+6%)

1+ X2

W, (z/L) = 2In] >

4
X =(1-15=)V4
( L)

lI’H(z/L) =-6z/L

B universitat Derski
¥ innsbruck BLM | Innsbruck | Stiperski | 2020

75

]



Surface Layer Scaling (MOST)

3.5 T T T T

~—— EQ. (11.7) = (11.8)
30 --- EQ.{11.9) |
* KANSAS DATA ¢

2.5

0.5

L | Businger et al (1971)
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MOST: Free convection limit

Free convection limit:

— at large -z/L, friction becomes unimportant

— limiting behaviour: independent of u.

— can use this to deduce ‘limit of MOST similarity functions’

example o /u.=¢ (z/L)

1w

re-write: o, =u.g (z/L) (Defofl:  L=-——
Kw'o',

. =~ ‘mngﬂi

- lim ¢ (z/L)~(-z/L)" = apea
—z/L— W 3 b ot .
@) ,2: i
04 b .|
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Applications: SL Scaling

— determine wind velocity at different height than available

For example:

— wind speed @ source height for dispersion
modeling

— numerical model (validation & assimilation)

T IlOm
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Applications: SL Scaling

U(2) =~ () -y (2/ L)

Wind profile Surface Layer
WMO standard: 10m

—

u
e 2 O
for example:
— want to use observation
for dispersion modeling
— stack height: 50 m
— TAWES
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Applications: SL Scaling

) -, (2/L)

)

u(z) =

Wind profile Surface Layer

stack height: 50m -

Observation: /
10m o O
Tliom =~
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Applications: SL Scaling

— determine turbulent (surface) fluxes from
observation / or model value of mean wind speed

example: numerical model

— available: mean wind speed at model level 1
(determined from solving cons. eq.)

— coupling to surface: need the surface fluxes:

U,W,o, W,O,o

(surface exchange parameterization)
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7(2) @[ln(zi) W (L) < 2 linpud

0
l iterate..
Ty, q 1. W)
O) N V W ) :|1/4
‘ 3 |
Surface energy balance v q=

I, )

— determine surface flux
— coupling atmosphere - surface

o levell ¢
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Applications: SL Scaling

— determine turbulent (surface) fluxes from obs of
mean wind speed (= L, stability)

pollutant dispersion models

models for CO, exchange

N2
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Summary: SL Scaling

— based on surface fluxes: w'eo's uw,

— Surface Layer = ‘constant flux’ layer
—> one T -group: z/L
— every scaled mean variable:

= 1)

— works for wind profile, temperature profile, specific
humidity profile, vertical velocity variance, scalar
variances, ...

— works for spectra (chapter 7)

— works for mean concentrations

— does not work (very well): horizontal velocity
variances
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